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MATH 3012, Quiz 3, November 16, 2017, WTT

1. Consider the poset 27 consisting of all subsets of [17] = {1,2,...,17}, partially ordered by
inclusion.

a. The height of this poset is: [ 8
< s ')
b. The width of this poset is: (l ; > al'50 9
. o . 7 I
c. The number of maximal chains in this poset is: / -

d. The number of maximal chains in this poset passing through the subset {2, 3,8, 10, 14} is:

512!

2. This question concerns inclusion-exclusion.

a. How many permutations of the integers in [17] satisfy the requirements that o(3) = 3, o(7) =7
and o(14) = 147 /4 (
’

b. Write the inclusion-exclusion formula for di7, the number of derangements of the integers in

[17). 17 k !y 7
e : — | 17-4) .
d o = 550 (1) (7-4#) (&)

c. How many functions from [10] to [7] satisfy the requirement that neither 2 nor 6 is in the range
of the function? /0 :

5

d. Write the inclusion-exclusion formu%:_a for S (10,2, the number (}f&u jections from [10] to [7].

SCr0,3) = £ 6 (7 -8 ()
=0

e. For the integer n = 3*-53 - 7% how many integers in [n] are divisible by 3 and 7? You may give
your answer in terms of n, using multiplication and division.

A

-

f.  Write out the inclusion-exclusion formula for ¢(n) for this particular value of n. Again, you do
not have to carry out any arithmetic in your answer.

gin) = N ci-5)(/-%§) (/- %)



@ 3. This question concerns generating functions.

a. Find a partition of 37 into 5 distinct parts:

43 A5 +¢6+3+2+/ Many
b. Find a partition of 37 into 5 odd parts: z\
QI+ #+5 + 3 41/ Gl

c. Write in product form the generating function for the number of partitions of an integer n into

distinct parts: o
(/+><)(/+x‘)(lc—x3)/1+x") (lexs) L #x?)

ofhas <0 yrect Answe

d. Write in product form the generating function for the number of partitions of an integer n into

odd parts: { /
/ L e
R = e A

. . . . . 2
e. Write in closed form the function whose Taylor series is Y o ()z™

(/- 4#x)

T2

@ 4. This question concerns advancement operator equations.

a. Find the general solution to the advancement operator equation: " I

fb*g (2—3i)- (A—4+Ti)*(A - 5)f()—0 p h 3
£ln)=2¢, (d-7<) "4 Canly- -?d r (35 + G

Fov tta

b. Find a particular solution the ,M advancement operator equation:

e A-Dfw) =37 kT a 2 f=3

= n-? ¢ = + s
(A 32]—’;}(2\“ ;_( ~ Aln+) ‘Tn+— ?f‘na :fn =1 4 p{_:,'B/
= n
= An~"7 *Aqu’ Fep n

- ?AV‘ ? {—A—?— *?d“y

c. Find the solution to the ad?ancement operator equation:
(A2 —8A +15)f(n) =0, f(0)=2and f(1)=22.

(A-:W*—e;\

f(u)“— C. % -
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I 5. Consider the data file (shown on the left below) for the weights on the edges of a graph with
vertex set {a,b,c,d, e, f,g}. In the space to the right, list in order the edges that would be selected
% in carrying out Kruskal’s algorithm (avoid cycles) and Prim’s algorithm to find a minimum weight
Z‘“F spanning tree. For Prim, use vertex a as the root.

graphdata.txt Kruskal Prim

b ¢ 22 bc ae

d e 23 de de

f g 24

b f 25 £ be
b e 27 b

c d 28 & b T
a e 2 ae £q
c f 30

e ¢ 31

a g 32

shortest paths from vertex 1 to all other vertices. After 5 iterations, the vertices marked permanent
are {1,19, 38,106,392} and scans have been completed from each of these five vertices. Here are
; *3 the shortest paths the algorithm has found thus far:

P(1)=(1) total length 0.

P(19) = (1,106,19) total length 108.
P(38) = (1,106,19,38) total length 125.
P(106) = (1,106) total length 92.
P(392) = (1,392) total length 450.

@ 6. Dijkstra’s algorithm is being run on a weighted digraph with vertex set {1,2,...,862} to find

Here are three specific candidate paths for the temporary vertices:

P(52) = (1,52) total length 978.
P(309) = (1,392,309) total length 950.
P(517) = (1,106, 19, 38,517) total length 980.

a. The weight w(106,19) of the edge (106, 19) is L
b. The weight w(19,38) of the edge (19, 38) is —'_:T"__

c. Suppose all temporary vertices other than 52, 309 and 517 have paths which currently have
length at least 1000. The temporary vertex which is now marked permanent is

d. If w(309,52) = 21, is there a change in the path P(52)? If yes, write the new path P(52) and 1
give its length. Y@ ¢ . New Yalh P(52) = Ct;392,3 OQ) 52) (ensth 9+

e. If w(309,517) = 30, is there a change in the path P(517)? If yes, write the new path P(517)
and give its length. No . =5 Altev native ‘94{:&_ hat S ame [%5‘@1.



'] * 7. True—False. Mark in the left margin.
1. When n > 2, the cover graph of 2" has a hamiltonian cycle.

2. For all n > 1, the subset lattice 2" has a Dilworth partition using symmetric chains.

4. The number of partitions of an integer n into even parts is equal to the number of partitions
of n into parts, all of which have the same size.

5. Generating functions of the form f(z) = >"°7  a,z" are only applied in combinatorics when
they are a Taylor series.

F 3. in 2%, the following sets form a symmetric chain: {2,5}, {2,4, 5}, {2,4, 5, 8} and {1,2,4,5,8}}.

6. When p(A) is a polynomial in the advancement operator A and the degree of this polynomial
is d = 5% - 74, the solution space to the equation p(A)f(n) is a vector space whose dimension
isd(1-1/5)(1—1/7).

F 7. To implement Kruskal’s algorithm, it is not necessary to sort the edges by weight. One can
simply take the edges in any order and take the first one avoiding a cycle when added to those
edges already chosen.

F 8. Dijkstra’s algorithm finds shortest paths having the maximum number of edges.

( é) Weakly convergent generating operators which span Kruskal products have dimension at most
Fon-. : are
the Sperner width of hamiltonian advancements.
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