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EVERY ¢ IRREDUCIBLE PARTIAL ORDER IS A SUBORDER
OF A t +1-IRREDUCIBLE PARTIAL ORDER

William T. TROTTER, Jr.* and Jeffrey A. ROSS*"

Department of Mathematics and Statistics, University of South Carolina, Columbia,
South Carolina 29208, USA

The dimension of a partial order (X, <) is the least integer t for which there exist linear
extensions X, X,,..., X, of X so that x,<x, in X if and only if x,<x, in X, for each
i=1,2,...,t For aninteger ¢ = 2, a partial order is said to be t-irreducible if it has dimension
t and every proper nonempty subpartial order has dimension less than . We answer a natural
question concerning dimension by proving that for each t =2, every t-irreducible partial
order is a subpartial order of a f + l-irreducible partial order.

1. Introduction

In this paper, we answer one of the most natural questions that can be asked
concerning the dimension of partially ordered sets. Utilizing a construction
whose origins lie in chromatic graph theory, we prove that for each r = 2, every
t-irreducible partial order can be embedded in a ¢ + 1-irreducible partial order.
The construction also relies on two fundamental concepts in dimension theory:
the structure of nonforced pairs and realizers of irreducible partial orders.
Nevertheless, for the reader who is familiar with little more than the most basic
concepts concerning partial orders, the paper is entirely self contained, and it is
only necessary to present a few definitions and preliminary lemmas before
proceeding to the principal result. The reader who desires additional back-
ground material on the dimensional theory of posets is referred to the survey
article [4] which also contains an extensive bibliography of papers on this
subject.

A partially ordered set (poset) is a set X equipped with a reflexive anti-
symmetric and transitive binary relation <. If x,,x, € X, x, % x, and x, % x,,
then x, and x, are incomparable and we write x, | x,. For each point x, € X, we
let Dx(xi)={x:EX:x,<x}, Ux(x)={x,€X:x,<x5}, and I«(x))=
{x: € X 1 x1||x,}. We let Iy ={(x1, x2) : x| x.}. We say X is a linear order if Iy = 0.

* Research supported in part by NSF Grant ISP-8011451.
* Research of this author supported in part by a Grant from the USC Research and Productive
Scholarship Fund.
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same set and x; <x, in X, whenever
10f Xi; if X; is a linear order and ap
:tension of X,;. Dushnik and Miller (1]
ted dim(X), as the least positive integer
X1, X3, .., X, of X such that x, < x, i
i=1,2,...,t
stof X, is a subset of the point set of X,
en x;<x,in X, if and only if x, < x, in
: X, we let X —{x} denote the subposet
1 X except x. Of course, dim(X —{x})<
r t=2, a poset X is t-irreducible if
h x € X. A poset has dimension one if
50 the only 2-irreducible poset is a two
1y 3-irreducible posets, and a complete
Trotter and Moore [7] and by Kelly {3].
red into 9 infinite families with 18 odd

alled a nonforced pair if x; < x, implies
X3, x4 € X. We let Nx denote the set of
»wn in Fig. 1, Nx ={(2,3), (3,2), (6,1),

cted graph whose vertex set is the point
tedge from x, to x,. For the poset X in
ig. 2.
central to the theory of rank for partial
ind [6] for additional material on this
few basic facts concerning Nx. We state
The reader may enjoy providing the
:n in [5].

s transitive, that is, if {x;:1<i<m}isa
1, either x; < xi.1 in X or (xi, Xi+1) € Ny,

4 1

6

2 3 5
Ny

Every t-irreducible partial order is a suborder of a t + 1-irreducible partial order 615

Lemma 2. IfA ={ay, a,...,a.} is a subset of X and Nx contains a directed cycle
{(a:, @i+1): 1< i <n}U{(a., a1)}, then the set A is an antichain in X. Furthermore,
if x EX — A, then x > a; if and only if x > a; for each i, j with 1<i<j<n.
Dually, x < a; if and only if x <a; for each i, j with 1<i<j=<n.

If t =3, a t-irreducible partial order is indecomposable with respect to ordinal
sum [2] so in particular, it never contains an antichain satisfying the conclusion of
the preceding lemma. A 2-irreducible poset (a two point antichain) is itself such
an antichain and has a directed cycle of length two for its digraph of nonforced
pairs.

However, when ¢ =3 the digraph of nonforced pairs of a t-irreducible poset
contains no directed cycles. In this case, we abuse terminology somewhat and
write X U Nx to denote the set X equipped with the binary relation defined by
1 <X, in X U Nx if and only if x; < x, in X or (xi, x2) € Nx.

Lemma 3. If t =3 and X is a t-irreducible partial order, then X U Nx is also a
partial order.

We illustrate the preceding lemma for a 3-irreducible poset (Fig. 3).
A set R ={X, Xs,...,X,} of linear extensions of X is called a realizer of X

when x;<1x, in X if and only if x,<x,in X, for i=1,2,...,¢

Lemma 4. A set R ={X,,X,,...,X.} of linear extensions of a poset X is a
realizer of X if and only if for each nonforced pair (x,, x2) € Nx, there exists some
i <t for which x,<x; in X.

Note in the preceding lemma that the emphasis is on a linear extension X; with
x, < x, in X, so it is natural to say that X; reverses the nonforced pair (x1, x,).
The dimension of a partial order X is then the minimum number of linear
extensions of X required to reverse the nonforced pairs of X. It is therefore

*7
%, X6
Xg X4
Xg X, X, x,
%3 *1 *2 x
1
X XU NX

Fig. 3.
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X a hypergraph Hx whose vertices are
C Nx is an edge in the hypergraph H,
'hich reverses all the nonforced pairs in
of N, then there is a linear extension of
follows immediately that the dimension
ergraph Hy, that is, the least number of
Hx so that no edge of Hx has all of its
> posets in Figs. 1 and 3, the associated
1d 4b, respectively. Note that the graph
»h in Fig. 4b is 3-colorable as it containg

in Fig. 3, the following three linear

s < X7},
(< X4},
s < Xe}.

pairs in {(X3, xs), (X3, X4), (xl, xZ)}, Xz
, and X; reverses {(xs, X+), (x5, X7)}. Also
wves two linear extensions which realize

a point from a poset decreases the
ill require a specialized version of this

et where t =3 and let x be a maximal
tear extension X, of X U Nx in which x is
r every x; € Dx(x) and x, € Ix(x).

(x- ‘Xl.) (Xe’x7)
(1 5%4) (x5 .%()
(%,,Xs)
3173 (Xl'xz)

Every t-irreducible partial order is a suborder of a t + 1-irreducible partial order 617

proof. It suffices to observe that if x; € Dx(x) and x, € Ix(x), then x, £ x, in
XUNx. O

Let X be an irreducible poset of dimension at least 3. A maximal element of
X U Ny is called a strongly maximal element of X, and a linear extension X, of
X U Nx satisfying the conclusion of Lemma 6 is called a consistent linear
extension of X (with respect to the maximal element of X,). If Xo={x,<x,<
x; < -<x,} is a consistent linear extension of X, so that Dx(x.)=
{x1, X2, ..., %} and Ix(x,)= {Xs+1, X425 . - -, Xu—1}, then the linear order X§ =
(<X <X <o <Xy <X < X1 <Xy <0 < X,_1} is called the reverse of the
consistent linear extension X,. Note that X§ is a linear extension of X but not of
X U Nx. The linear order X§ will play an important role in the proof of our
principal theorem. At this point, we note that X 7§ can be used to form a realizer

of X.

Lemma 7. Let X be a t-irreducible poset, where t =3, and let x be a strongly
maximal element of X. Also let X, be a consistent linear extension with respect o x.
Furthermore, let {X| X5, ..., X/} be a realizer of X —{x}, and for each
i=1,2,...,t—1, let X; be the linear order formed by adding x to X' as the largest
element. Then {X%, X, Xs,..., X1} is a realizer of X.

For the 3-irreducible poset X shown in Fig. 3, the linear extension X, =
{x, < x,< -+ < x5} is consistent with respect to the strongly maximal element x-.
The linear extensions {Xi, X3, X} defined in Example 5 illustrate Lemma 7.
Note that X5 is the reverse of X.

2. The émbedding theorem

In this section, we use the concept of a consistent linear extension of a
t-irreducible partial order X to construct a ¢+ l-irreducible partial order
containing X as a subposet. The reader who is familiar with chromatic graph
theory will recognize the flavor of the construction, since its roots lie in that

subject.

Theorem. If t =2 and X is a t-irreducible poset, then there exists a t+1-
irreducible poset containing X as a subposet.

Proof. The result is trivial when ¢ = 2 s6 we assume that ¢ = 3. We then let X be
an arbitrary t-irreducible poset and choose a consistent linear extension
Xo={x1<x,<x:5<--+<x,}. As in Section 1, we let Dx(x,)={x1,x,..., %}







