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Abstract. Every linear extension L : [x; <X, <--- <Xp,] of an ordered set P on m points arises from
the simple algorithm: For each { with 0 <7 <m, choose x;4+; as a minimal element of P — {xj J<il)
A linear extension is said to be greedy, if we also require that x;.1 covers x; in P whenever possible.
The greedy dimension of an ordered set is defined as the minimum number of greedy linear extensions
of P whose intersection is P. In this paper, we develop several inequalities bounding the greedy dimen-
sion of P as a function of other parameters of P, We show that the greedy dimension of P does not
exceed the width of P. If A is an antichain inP and | P — 4| > 2, we show that the greedy dimension
of P does not exceed | P — A|. As a consequence, the greedy dimension of P does not exceed | P|/2
when | P| > 4. If the width of P — 4 is #n and n > 2, we show that the greedy dimension of P does not
exceed n® +n. If 4 is the set of minimal elements of P, then this inequality can be strengthened to
2n ~ 1. If A is the set of maximal elements, then the inequality can be further strengthened ton + 1.
Examples are presented to show that each of these inequalities is best possible.
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1. Introduction

Let P be an ordered set. Then P can be represented as the intersection of some family of
linear orders each of which is a linear extension of P. Such a family is called a realizer of
P. The dimension of an ordered set P is the minimum size of a realizer of P. The concept
of dimension has proved to be a useful invariant in the study of ordered sets. A natural
extension of this concept arises from requiring the linear orders which form a realizer of
P to have certain additional properties.

In this paper we consider one such property which arises in the study of the following
scheduling problem which is known as the jump number problem:

An ordered set P represents a set of tasks to be performed on a single processor. If
x <y in P, then x must be performed before y. An admissible schedule is then a
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linear extension of P. Suppose that a set-up cost is paid for each pair x, y € P with
X incomparable to y in P and x and y occurring consecutively in the linear exten-
sion. Find a linear extension L of P which minimizes the number of consecutive
pairs of L which are incomparable in P.

This scheduling problem is NP complete [8]. However, it is natural to search for
approximate solutions using the following ‘greedy’ approach. Form a linear extension
L of P by starting with an arbitrary minimal element x;. Then search for a minimal
element x, of P — x; with x, covering x, in P. If no such point exists, choose x; as an
arbitrary minimal element of P — x; . This process is repeated in an effort to construct
a linear extension of P avoiding consecutive pairs which are incomparable in P,

Any linear extension constructed by this greedy approach is called a greedy linear
extension. It can be shown [3] that among the linear extensions which provide a solu-
tion to the scheduling problem, there is one which is a greedy linear extension.

In [1], Bouchitté, Habib, and Jégou showed that every ordered set can be represented
as the intersection of some family of greedy linear extensions. They defined the greedy
dimension of an ordered set P, denoted dimg(P), as the least number ¢ for which there are
1 greedy linear extensions of P whose intersection is just P, i.e., dimg(P) is the minimum
size of a greedy realizer of P.1In this paper, we develop inequalities which relate the greedy
dimension of an ordered set P to both the size and the width of P — 4 where 4 is an anti-
chain in P. In order to motivate our results, we pause to summarize some relevant facts
from dimension theory. For more detailed information, we refer the reader to the survey
article by Keller and Trotter [6].

2. The Dimension of Ordered Sets

Let P be an ordered set. If x and y are incomparable points in P, we write x |y in P. So
a collection Z of linear extensions of P is a realizer of P if and only if for every x, y €EP
with x ly in P, there exist L, L'€Z with x <y in L and y<xin L'. Let X and Y be
subsets of P, and let L be a linear extension of P. We write X/Y in L if x >y in L when-
ever x€X, y€Y and xly in P. The following result completely characterizes when
such extensions exist.

LEMMA 1 (Rabinovitch [9]). Let X and Y be subsets of an ordered set P. Then there
exists a linear extension L of P with X/Y in L if and only if there do not exist two points
Xy, Xy € X and two points yy, y2 €Y with xy <y, Xy <y, x4 y,, and x, ly, inP. O

The following elementary result follows immediately from Lemma 1.

LEMMA 2 (Hiraguchi [5]). Ler C be a chain in an ordered set P. Then there exist linear
extensions L and L' of P so that C/Pin L and P/Cin L'. O

Recall that Dilworth’s theorem [2] asserts that if the width of an ordered set P is n,
then P can be partitioned into # chains. Let P=C, U C, U ---U C,, be such a partition.



GREEDY DIMENSIONS OF ORDERED SETS 147

Foreachi=1,2,...,n, let L; be a linear extension of P so that C;/P in L;. Then clearly
2={Ly, L,,...,L, }is arealizer of P. This proves the following well known inequality.

LEMMA 3 (Hiraguchi [5]). For every ordered set P, dim(P) < width(P). O

Dimension is a comparability invariant, i.e., two ordered sets with the same comparabil-
ity graph have the same dimension [12]. In particular, an ordered set P and its dual P*
have the same dimension. Dimension is monotonic, i.e., if P is a subordered set of Q, then
dim(P) < dim(Q). Furthermore, the removal of a point from an ordered set cannot
decrease the dimension by an arbitrary amount.

LEMMA 4 (Hiraguchi [5]). For every ordered set P and for every x EP, dim(P)< 1+
dim(P - {x}). 0

Let P be an ordered set and let Q={Q, : x €EP} be a family of ordered sets indexed
by the point set of P. Recall that the lexicographic sum™ of § over P is the ordered set
whose point set is {(x, y): x €P, y €Q, } with order given by (x;, y1) <(x,,¥,) if
xy <xpinPorifx; =x; and y; <y, in Qy .

LEMMA 5 (Hiraguchi [S]). The dimension of the lexicographic sum of Q={(Q, : x €EP}
over P is the larger of dim(P) and max {dim(Q,) : x €EP}.

In [5], Hiraguchi proved that the dimension of an ordered set P does not exceed | P|/2
when | P| > 4. A simple proof of this inequality is obtained by combining Lemma 3 with
the following result discovered independently by Kimble [7] and Trotter [10].

LEMMA 6. Let A be an antichain in an ordered set P with | P — A |2 2. Then dim(P) <
|P—Al. O

The primary difficulty in proving Lemma 6 is the case | P — 4| =2. Once this is
accomplished, the general result follows by induction on | P — 4| using Lemma 4. The
argument when | P — A| =2 can be simplified considerably by appealing to Lemma 5
(see [10] for details).

3. The Greedy Dimension of Ordered Sets

Bouchitté, Habib, and Jégou [1] showed that for an ordered set P, dim(P) = dim, (P) if P
is of dimension at most two or if P is a distributive lattice or if the diagram for P is V-free.
These results were communicated to Trotter who observed that in fact the greedy dimen-
sion of P never exceeds the width of P. This inequality follows immediately from the
following lemma, which should be compared with Lemma 2.

LEMMA 7. Let C be a chain in an ordered set P. Then there exists a greedy linear exten-
sion L of P with C/Pin L. O

* Unfortunately, the notation here is far from standard.
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The inequality dim,(P)< width(P) and the proof of Lemma 7 were obtained inde-
pendently by Bouchitté, Habib, and Jégou [1]. We do not include a proof of Lemma 7
in this section since the result is a special case of both Lemmas 10 and 11 which we
prove in Section 5. However, we will pause here to construct a family {P, : n > 2} which
shows that the inequality dimg(P)< width(P) is best possible even when dim(P) = 3.
The ordered set P, is shown in Figure 1.

When n = 2, it is obvious that dim(P, ) = 2. For each n = 3, dim(2,,) > 3 since the sub-
ordered set generated by {x, y, a1, by, a;, by } is three-dimensional. On the other hand,
dim(P,) < 3 since it is obvious that dim(®,, — {x}) = 2. However, apart from a permuta-
tion of subscripts, P, admits only two essentially different greedy linear extensions.

Type 1: [a, <by; <ay <by < <a, _1<b, _1 <y<x]

Type 2: [a, <by <a, <b, < <ap, 1 <x<b,_; <yl

The fact that dimy(P)>n —1 follows easily from the observation that x | b; for
i=1,2,...,n—1, but in any greedy linear extension L of P, _; there is at most one
value of i for which x <b; in L. So if dimg(P,)=n—1and Z={Ly, L, ...,L, 1} is
a family of greedy linear extensions of P, whose intersection is just P,, then each L; is
a Type 2 extension. This requires x <y in L; fori=1,2,...,n — 1. The contradiction
shows that dimg(P,) > n = width(P,).

This same family also illustrates some of the pathological properties of greedy dimen-
sion. For the chain C={x}, there is no greedy linear extension L of P, so that P/C in
L. For each n >3, dimy(P;) =3 while dim,(P,) = n so that greedy dimension is not a
comparability invariant. For each n >3, dimg(P, — x) =2, and thus the removal of a
point may decrease the greedy dimension of an ordered set by an arbitrary amount.
Furthermore, if we take a chain D so that P, C D x D x D, then dimg(P,)=n but
dimg(D x D x D) = 3. Thus, greedy dimension is not monotonic.

Greedy dimension behaves in a peculiar fashion with respect to lexicographic sums.

LEMMA 8. Let P be an ordered set and let R be the lexicographic sum of the family
Q={Q,:xEP} over P. Also let t = max{dimg(Qy): x €P}. Then the greedy dimen-
sion of R satisfies.

max { dim(P), 1} <dimy(R) < max {dimg(P), t }.
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Proof. Suppose first that s = max {dim,(P), ¢}, and let X be a greedy realizer of P
with | 2| =s.

Also, for each x €P, let Z,, be a greedy realizer of 9, with |Z,|=s. Now letL€Z
and for each x €P, let L, € Z, . Then it is straightforward to verify that the linear exten-
sion M of R defined by taking M as the lexicographic sum of {L, :xEP} over L is a
greedy linear extension of R. Thus, dim,(R) <.

On the other hand, let M be any greedy linear extension of R. Then for each x €P,
the restriction of M to the copy of Q, induced by the points in @y, ={(x, »): ¥ €Q, }
is easily seen to be a greedy linear extension of Q.. Thus dimg(R) > t. The inequality
dim, (R ) = dim(P) is trivial since 2 is isomorphic to a subordered set of R. ]

To see why we cannot strengthen the preceding lemma, consider the ordered set
P =P, shown in Figure 1 and the ordered set R obtained from P by replacing each b;
by a two-element antichain while all other points are replaced by one point ordered
sets. (See Figure 2). The following three linear orders form a greedy realizer of R; thus
dimg(R) =3 whenn = 3.
Ll: [al <b1 <(12 <b2 < "'<an__1 <bn —1 <x
Loy 1< <y <y <Yy]
Ljy: [al <Cl <a2 <C2 < "'<an__1 <Cn —1 <x
<bn_1< "'<b2 <b1 <'V]
Ly:[ay 1 <bp_1<cn 1<y _2<by _2<cp_,<"
<d2 <b2 <C2 <(l1 <b1 <C1 <y <x]

Let C={x; <x, <:-<x;} be a chain in an ordered set P. We say that C is an initial
chain of P when C={y €P: y <x; in P}. We call C a maximal initial chain when there is
no point x4, €P — C so that {x; <x, <--- <xp <xg4+q}isan initial chain. Although
the removal of a point can collapse the greedy dimension of an ordered set P by an
arbitrary amount, this is not the case for maximal initial chains.

LEMMA 9. Let C be a maximal initial chain in an ordered set P. Then dimg(P)<1 +
dimg(P - C).

Proof. Letdimg(P—C)=tandletZ={L,,L,,...,L;} be agreedy realizer of P — C.
For eachi=1,2,...,¢, let M; be the linear extension of P obtained from L; by adding the
points of C at the bottom of L;. Clearly, each M; is a greedy linear extension of P. Now
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apply Lemma 7 to obtain a greedy linear extension M., of P so that C/P in M,.,.
Since P/C in M; for eachi=1,2,...,¢, it follows that {M;, M,, ...,M;+, } is a greedy
realizer of P. Thus, dimg(P) <z +1 =1+ dimg(P - C). O

4. The Principal Theorems

The primary purpose of this paper will be to develop inequalities for the greedy dimen-
sion of an ordered set P in terms of the cardinality and width of P — 4 where 4 is an
antichain in P with P — 4 # .

Our first major result will be to show that Lemma 6 also holds for greedy dimension.

THEOREM 1. Let A beanantichaininanordered set P with |P — A| 2 2. Then dimg(P) <
|P—Al. O

Theorem 1 is trivially true when | P — A| = 2 since an ordered set P with dim(P) < 2
satisfies dimg(P) = dim(P). However, the general result will require a fundamentally
different approach than the one used to prove Lemma 6 since the removal of a point
can collapse the greedy dimension of an ordered set by an arbitrary amount.

In [10], Trotter proved the following inequalities for ordinary dimension.

THEOREM 2. Let A be an antichain in an ordered set P with width(P -~ A)=n=>1.
Then the following inequalities hold.

(a) dim(Py<2n+1.

(b) If A is the set of minimal elements of P, then dim(P)<n+ 1.

(c) If A is the set of maximal elements of P, then dim(P)<n + 1. O

Examples constructed in [10] and [11] show that each of these inequalities is best
possible. Of course, 1b and 1c are equivalent since an ordered set and its dual have the
same dimension. Our second major result is the following theorem providing parallel
inequalities for greedy dimension.

THEOREM 3. Let A be an antichain in an ordered set P with P — A %+ ( and let n =
width(P — A). Then the following inequalities hold:
() dimg(P)<n*+nwhenn>?2anddimg(P)<3 whenn=1.
(b) If A is the set of minimal elements of P, then dimg(P)<2n — 1 when n>2 and
dimg(P) <2 whenn=1.
(c) If A is the set of maximal elements of P, then dim(P) <n+ 1. |

In the next section, we will establish two technical lemmas which yield greedy linear
extensions satisfying special properties. We use these lemmas in Section 6 to obtain the
upper bounds of Theorem 1 and 3. In Section 7, we will construct examples to show that
each of these inequalities is best possible.
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5. Algorithmic Constructions for Greedy Linear Extensions

Theorems 1 and 3 assert the existence of certain greedy linear extensions of the ordered
set P. In this section we develop a general algorithmic construction for greedy linear ex-
tensions from which we obtain two classes of greedy linear extensions satisfying special
technical conditions. All the greedy linear extensions needed to prove Theorems 1 and 3
will be members of these classes.

Consider a linear order L on P constructed in the following recursive manner. Suppose
that | P|=m. At stage 0, let P® = P. Suppose that at each stage i <m, P has been con-
structed. At stage 7 + 1 choose x;4; €P’ and let PI*1=pi {x;+1}. Finally set x; <x;
in L iff i</j. For any subset S of P, let MIN(S) denote the antichain consisting of the
minimal elements of S. Observe that: (1) if x;,, € MIN(Pi) for all i, then L is a linear
extension of P; and furthermore (2) if x;,; € MIN(P) and x; .+, > x; in P whenever there
exists y € MIN(Pi) such that y >x; in P, then L is a greedy linear extension of P. With
these observations in mind, let S; = {x € MIN(P'): x;<x}, G;=8; if S; # @, and G; =
MIN(P®) if S; = . In the algorithms which follow, we will use the method and notation
introduced above. We will assure that L is a greedy linear extension by always choosing
X;+1 €G;. We will provide that L has certain additional properties by placing further
restrictions on the choice of x; 4.

The following notation and terminology will be useful. Letters A and B will denote
antichains, while the letters C, E, and F denote chains. Linear orders will be denoted by
L, M, and N. Recall that for x, ¥y €P, x covers y in P, which we denote by x :>y in P,
if x>y in P and there is no z with x >z >y in P. We say that a subset S of P is rooted
in a chain C if for every x €S — MIN(L). there exists y € C such that x :>yp inP. Let L
be a linear extension of P constructed as above. We write /; to denote the chain {x5,
Xj4+1,-.-,%;} in L where j is the least positive integer such that {Xj. X415 ... X; } is also
a chain in P. For a subset § of P, we let U(S)={xE€P: x>y in P for some y €S},
D(S)={x€P:x<y in P for some y €S}, U[S]=U(S)US, and D[S]=D(S)US.
If §={x} we may write x instead of {x} in this notation. Let Q be a subordered set of
P and let C be a chain in Q. We say C is maximal in Q when there is no pointg €Q —~ C
so that CU {q} is a chain. We denote the dual of an ordered set Q by Q¥ ie.,x <y in
Q iff y <x in Q* For a subset S of P we let S’ denote SN P'. For a subset S of P let
MAX(S) denote the set of maximal elements of P. If S is a chain, let min(S) denote the
least element of § and max(S) denote the largest element of S.

We now present the two technical Lemmas that are needed to prove Theorems 1 and
3. The reader may choose to see how these Lemmas are used in Section 7 before reading
their proofs.

LEMMA 10. Let E be a chain in P and let B be an antichain in P with BN E = §. Suppose
that {By, By } is a partition of B such that B, is rooted in E. Let N be a linear order on
B, such that the N-least element b of B satisfies (*) D(b) NEC D(b)NE forallb € B;.
Then there exists a greedy linear extension L = L(E, By. B,, N) such that:

(@) E-U(B)/P-U|[By)inL;

(b) B,/P-UlBi]inL;
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(c) L restricted to By is N,
(Q) for each u € B, — MIN(P), there exists an element x € P such that u :>x in P
and there does not exist y € D(B) withx <y <uin L.
Proof. We will use the method described above to construct L. Thus we must provide
a scheme for choosing x;4.; from G;.

Case I: B, N G; # (. Choose x;+1 € B, N G; such that
[U(xi+ ) <IU()| forally €B, NG;.

Case 2: B, N G; =P but G; — B# (. Choose x;,, €G; ~ B such that
WU xie1] NEIS|U[y) NE | forallyEG, - B.

Case 3: G; C B, .Choose x;+ € G; such that
Xj¢1 SyinN forally €G;.

Next we show that the greedy linear extension L constructed using this preference
scheme satisfies (a) — (d).

Proof of (a): Suppose that L does not satisfy (a). Choose the least i such that x; 4, €
E — U(B,), but there exists y EP — U[B, ] with x;+ ! y in P and x;+, <y in L. Then
y €P’ Select z € MIN(P?) such that z<y in P. Then z EP — U[B,],x;+,l z in P, and
xj+1<zinl.

Let j be the least integer such that x; € ;.1 and x; | z in P. We claim that z should
have been preferred to x; at stage /. Clearly z € MIN(P/ 1) since PP — P/~ 1= {xj5 %5415
o Xppp b I x;_yllx; in P, then G;_, = MIN(P/ ~1); otherwise xj—1 €14y and, by
the choice of j, x; _; <z in P. Either way z €G; _;.

Since x; <x;41 in Pand x;+) €F - U(B,), x; € B, . Thus, Case 1 does not hold at
stage j. In particular, z € B, . Since z<y in Pandy € U[B, ],z € B, . Since z €G; - B,
we note that Case 2 holds at stage /. Since x;4 €F, z lx;, | in P, and x; <x;.q in P,

|U[z] NEI<|U[x] NEI,

which confirms the claim that z is preferred to x; at stage j, and thus proves (a).

Proof of (b): Suppose that L does not satisfy (b). Choose the least i such that x;,, €
By but there exists y €P — U[B;] with x;4 Iy in P and x;4, <y in L. Then y €P".
Choose z € MIN(P') with z <y in P. Clearly z EP — U[B; ], X+l z in P, and x; 4, <z
inL,

Since x;+1 €B;, Case 3 holds at stage i + 1. Thus z € G;. Thus x;4+; :>Xx; in P, but
zx; in P. Since x;4+1 € By, X;+1 € MIN(P), and B, isrooted in E, there exists an element
e €E such that x;o; :>ein P. If x; #¢, thenelx; in P, e EEND(B;), and x; €P —
U[B, ], but e <x; in L, which violates (a). On the other hand, if x; = e, thenx; 1 z in P,
x; €EEND(By), and zEP - U[B,], but x; <x;4; <z in L, which again violates (a).
This contradiction completes the proof of (b).

Proof of (¢): Suppose that L does not satisfy (¢). Choose the least / such that x; ¢ €
B, but there exists y € B, with y <x;,; in Nbut x;,, <y in L. Then Case 3 holds at
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stage i+ 1. By (b) y € MIN(P’). Since we preferred x;+; to y at stage i+ 1, y € G;.

Thus, x; <x;+; in P. Since x;4; € MIN(P), there exists ¢ € E such that Xij+1 i>einP.
By (a) we conclude that x; =e. By (¥), X; <b in P. Using (b) we see that b:>e, and
thus by (a), b € G;. It follows that x; ., = = b, which contradicts y<Xi4+; in N and com-
pletes the proof of (c).

Proof of (d): Suppose that u € B, — MIN(P). Let B, ={x €P:.u :>x in P}. Then
B, is a nonempty antichain. Let k¥ be the largest integer such that x, € B,,. We claim
that if x; <y <u in L, then y €U[B;]. In particular, y € D(B). Let y =x; and x; =
min(f; N {xg+1. Xk +2,...,%;}. Then u €G; _;. Since u €B,, Case 1 holds at stage ;.
Then x; €B; and y =x; EU[B,]. Thus x; witnesses that (d) holds for u. This com-
pletes the proof of (d) and Lemma 10. a

LEMMA 11. Let E and F be disjoint chains in an ordered set P. Suppose further that
E=Q or E is maximal in EUF. Let Be be an antichain rooted in E. Then there exists
a greedy linear extension M = M(E, F, B) of P such that:
(d) E/(P-U[B])VFinM,
(b) B/FinM;
(c) E - D(F)/PinM; and
(d) Foralla, b € MIN(P),if
(i) a€Bifand only if b € B,
) U@NF=UMb)NF; and
(iii) U(a) § U(B);
thena<binM.
Proof. We shall construct M according to our general method. Thus we must provide
a scheme for choosing x; ;| from G;. Below we give four preference tests Ty, T,, T5, and
T, for choosing x;+; € G; so that if y € G; and y is preferred to x;,; by T}, then there
exists k£ <j such that x; 4 ; is preferred to y by T}.

T,: Let S;={bEBNG;:blfin P for some fEF'}. Preferytoz1fyGES and
zZ€S;.

T,: Preferytozif|[{e€EE:y<einP}|<|{e€E:z<einP}]|.

Ts: Preferytozif [{fEF: f<yinP}>|{fEF:f<zinP}]|.

Ty: Prefer y tozif U(y) & U(2).

We now show that the greedy linear extension M constructed using this preference
scheme satisfies (a), (b), (c), and (d).
The following claim will be used in the verification of (a), (b), and (¢).

CLAIM: If x,, €F and x5 €1, NF, then there exists e €E such that el x; in P and
e<xyinM.

Proof. Let [ be the least integer such that k <I/<n and x; €E. Then x; €I, and
thus x; <x; in P. Since E'# 0, E is maximal in £'U F. Thus x; is not the least element
of E. Let e €F be the unique element immediately below x; in E. By the choice of
L e<x, in M. Since ENF=§,e#x; and thus e <xp in M. If e<x; in P, then £ U
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{xy} is a chain, contradicting the hypothesis that £ is maximal in £ U F. The contradic-
tion requires e l| x; in P. This concludes the proof of the claim.

The reader should note that once (a) has been established, then we may assume there-
after that the hypothesis to this claim is never satisfied. This remark follows from the
observation that the conclusion of the claim contradicts £/F in M and thus contradicts
(a).

Proof of (a): Suppose that (2) is false and choose the least i such that x;,; €F but
there exists y €(P — U[B]) U F with x;, Iy in P and x;; <y in M. Then y €P". If
y €F we may assume without loss of generality that y = min(F"). Choose z € MIN(P")
with z<y in P. Then choose the least integer j such that x; €L;4; and x;l z in P. It
follows that z € Gj _;. Since x; <x;4+1 in P, zlx;4y, and Xx; 4, € E, z is preferred to x;
by T,. Thus, x; must be preferred to z by 7. Thus z€S; _;,ie.,z€B and z lfin P,
where = min(F/ ~1).

Since zEB, yE(P - U[B])UF, and z<y in P,y €F and, thus, f<y in P. Since
y= min(F*), we conclude that f=x; forsome &k such thatj Kk <i+1.Thusx, €5 ;.
Now by the claim, with 7 =i + 1, there exists e € E such that el x; and e <x;, in M. This
contradicts the choice of i, and thus completes the proof of (a).

Proof of (b): Suppose that (b) is false and choose the least i such that x;4 | € B, but
there exists f € F with x; 4l f and x;,; <fin M. Thus f € P’. Without loss of generality,
assume that £ =min(F"). Clearly x;4 1 €S;. Thus by Ty, G; C B and bl f in P for every
b €G;. Choose z € MIN(P') such that z <f in P. Clearly z € S;. Thus, by Ty, z ¢ G;.
Soi>0,zllx; in P,and x;. :>Xx; in P. Since x;+; € MIN(P) and B is rooted in E, there
exists ¢ € E such that x; 4, :>e. Since E/P — U[B] inM and x; €P — U[B],e =x;.

Now let j be the least integer such that x; €I; and x;llz in P. Thenz €G; _; and z is
preferred to x; by T,. Thus x; is preferred to z by 7). In particular,z €S; _; and, thus,
z€Band zIf" in P, where f' = min(F’ ~1). Then f'<f. So f' = x,, for some k such that
j<k<i. Thus x; €I; and we observe that the hypothesis to our claim is satisfied. By
our previous remarks, this constitutes a contradiction of (a). Thus (b) holds.

Proof of (c): Suppose that (c) is false and choose the least i so that x; 1 €E — D(F),
but there exists y €P with x;4 1y in P and x;+, <y in M. Choose z € MIN(P*) with
z<y in P. Then x;4,lz in P and x;4+, <z in M. In view of (a), we may assume that
z€U[B] - F.

Now choose the least integer k so that x; €1;+; and xi I z in P. It follows that z €
Gr _1.

Since z is preferred to xi by T, it must be the case that z loses to x; on T, . This
requires that z € BN Gy _; and that there exists a point f€ F¥ ! with z | fin P. Since
X;+1 €E — D(F), we cannot have x;,{ <fin P. If f=x, for some [ with k </<{, then
the hypothesis of the claim is satisfied. We conclude that [+ x; for all / with k <1</,
However, this in turn implies that x; 4, <fin L and x;+ 1l f, which again contradicts (a).
This completes the proof of (c).

Proof of (d): Suppose that a, b EMIN(P), (e €B iff b €B, (i) U(a) N F=U(H) N
F and (iii)) U(a) & U(b). Let i be the least integer such that x;,,=a or x;4, =b. Then
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G; = MIN(P"). Using (i) and (ii) we see that a €S; iff b €S;. Thus,a and b tie on T; . By
(iii) b cannot be preferred to @ by T,. So suppose they tie on T, . Then they also tie on
T;. But a is preferred to b by T4. Then a <b in M. This completes the proof of (d)
and Lemma 11. O

We close this section with the remark that Lemma 7 is easily seen to be a special case of
Lemma 10 as well as Lemma 11. To see this, let C be any chain in 2. Then C/Pin L(C, 9,
9, ®) and C/Pin M(C, 9, D).

6. Proofs of the Principal Theorems

In this section, we present the proofs of Theorem 1 and 3. Actually, Theorem 1 will be
obtained as an easy corollary to the following technical result.

LEMMA 12. Let P be an ordered set and let A denote the set of minimal elements of P.
Suppose that P — A # G and

P~A=C1 UC2U UC[UAI UA2 U UAs
is a partition where each C; is a chain and each A; is a nontrivial antichain. Then

dimg(P)< 2t + | Ay |+ | Ay| + -+ 4]

Proof. We proceed by induction on | P|. In view of Lemma 8, it is clear that we may
assume that P is indecomposable with respect to lexicographic sums. In particular, we
may assume that there do not exist distinct points a; , 4, € A with U(a,) = U(a,).

We now proceed to form a family Z of greedy linear extensions of P by the following
rules. If £ > 0O, then for each C; we put two greedy linear extensions of Pin X

Ly 1=M(C;,0,4), Ly=M(@®,C; A).

If >0, then for each j =1, 2, ..., s, we label the points in 4; as {x]-k: 1<k<|4;l}
and then define the greedy linear extension L]-k of P by the rule:

Lf=M{x}}.{x}"},4).

(In this notation, the superscripts are to be interpreted cyclically.)

We claim that ¥ is a realizer of P. To verify this claim, we consider an arbitrary pair
x,y €P with x | y in P. We show that there exists ¢ € T so that x <y in . Once this is
accomplished, we may conclude by symmetry that there also exists 7 € £ for which
y<xinrT.

Casel: yEP - A.
Suppose first that y € C; for some i. Then x <y in L,; _,. Now suppose y € 4; for some
j. Choose & so that y =x,~'“ Thenx <y in ij.

Case2: yEA,xEP— A.
Suppose first that x € (; for some i. Then x <y in L,;. Now suppose x € 4; for some .
Choose k so that x = xl-k. Thenx <y in L].k -1
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Case3: yEA, xEA.

If there exists a point z €P — 4 with z € U(x) — U(y), then there exists some 0 €Z
with z <y in 0. Hence, x <z <y in 0. So we may assume that U(x) C U(y). Since P
is indecomposable, we know that U(x) & U(y).

Again, since P is indecomposable, we also know that there exists a point wEP ~ 4
with w>Xx in P. Then w >y in P. Suppose first that w € (; for some i. Then x <y in
Ly 1 =M(C;, @, A). On the other hand, suppose w € 4; for some j. Choose k so that
w =x].k. Then U(y)N {xjk} =U(x)N {x].k} so x<y in Mik —!. This completes the
proof of Lemma 12. 0

COROLLARY (Theorem 1). Let A be an antichain in an ordered set P with |P — A| = 2.
Then dimy(P)<|P — A|.

Proof. We proceed by induction on | P|. In view of Lemma 8, we may assume that P
is indecomposable with respect to lexicographic sum. Also, we may assume A is a maximal
antichain in P.

Let |P—A|=n.If n=2, then dim(P) <2 and dimg(P) = dim(P) < 2. So we may
assume n 2 3.

Now suppose P contains a maximal initial chain C so that CN (P — A)# (. Let @ =
P—-C and B=A—-C. Then |Q-Bl<n—1.1If |Q-B|<2, then dimg(Q)<2 so
dim (P)<1+dimy(Q) <3<n. If 2<|Q - B|<n —1, thendimy(P) <1 +dim,(Q) <n.

So we may therefore assume that C N (P — A) = P for every maximal initial chain C
in P. Thus, A4 is the set of minimal points in P, and every maximal initial is a singleton.

Suppose that » is even, say n = 2m. Partition P — 4 into m subsets containing exactly
two elements of P — A. If we denote this partitionas? - 4=C, UC, U ---UC UA, U
Ay U --UAg, then 2¢ +| Ay | + | Az| + -+ | Ag| = n so that dimg(P) <n by Lemma 12.

So we may assume that »n is odd.

If P— A contains a three-element chain C;, then we may partition P — 4 — C; into
two-element subsets and use Lemma 12 to conclude that dimg(P)<n — 1. So we may
assume that P — 4 does not contain a three-element chain.

If P — A4 contains a three-element antichain A, , then we may partition P — A — A,
into two-element subsets and use Lemma 12 to conclude that dimg(P) <n. So we may
assume P — A does not contain a three-element antichain.

Now every ordered set containing five or more points contains a three-element chain
or a three-element antichain, so it remains only to consider the case n = 3. Furthermore,
since P is indecomposable, it is easy to see that P — 4 must be the union of two chains
Ci={x<y}and C, ={z} with xll z and y ll z in P. In this case, we observe that {M(C,,
C,,A),M(C,, Cy, A),M({z},{y}, A)} is a greedy realizer of P. O

As previously noted, the family {P,; n=> 3} illustrated in Figure 1 shows that the
inequality in Theorem 1 is best possible even in the class of three-dimensional ordered
sets. Of course, since dimy(P,) = width(P,) =n, we observe that the inequality dim,(P) <
|P|/2 when | P| > 4 is also best possible even in the class of three-dimensional ordered
sets.

We now proceed to prove Theorem 3. In order to facilitate the exposition, we prove
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the five inequalities in a different order. In each case, we proceed by induction on | P],
so we will assume that P is indecomposable with respect to lexicographic sums. We also
assume A4 is maximal.

PARTI. If A is the set of maximal elements of P, P— A %0, and n = width(P — A),
then dimg(P)<n+ 1.

Proof. Since P is indecomposable, 4 N MIN(P)={. Partition P A into chains
Cy,Cy,....,C. Let Ay ={a€A:a:>cin P for some ¢ €C,; }. Without loss of general-
ity we may assume that 4; # @ and C, is maximal in P — 4. Observe that 4, is rooted
in C;. Let M=M(C,., 0, ®). Then Cy/P in M. Let Ny be the dual of M restricted to 41 .
Notice that the N, -least element a; of A4, satisfies D(a) N C, C D(a,) N Cy, for every
a€A,. Let Ly =L(Cy, Ay, A— Ay, V). Let A;={a €A~ A, : there exists c€(;
so that @ :>¢ in P and there does not exist ¥y € D(A4) such that c<y < in L}. By
(d) of Lemma 10, {4,, As,...,A4,} is a partition of 4 — 4,. Clearly Cj/A,- in L,, for
j=2,3,...,n.

For each j=2,3,...,n, let N; be the dual of the restriction of Ly to 4;. Then again
the Nj-least element a; of A; satisfies D(a) N C; C D(gj) N C; for every a €A;. Let L; =
L(Cj A, A~ A;,N)) .

We claim that Z={M, L,,...,L,} is a greedy realizer of P. To verify this, we
must show that if x|y in P, then there exist 0, 7 € £ such that x <y in ¢ and y <x
int.

Casel. x,yeEP— A.
Choose j and k such that y €C; and x €Cy. Thenx <y inL;and y <xin L.

Case 2. xEP—-Aandy€A4,.
Then x <y in L,. If x €(C;, then y <x in M. Otherwise x € C; for some k =2 and
y<xinLg.

Case 3. xEP—-AdAandy €A — A4,.
If x €C; and y € Aj for some j 2> 2, then y <x in L; and x <y in L;. Otherwise x € Cy,
and y € 4; for k andj such that k #j andj > 2. Theny <xin Ly and x <y in L;.

Cased4. x,yEA,.
Then by the choice of Ny ,x <y inMiff y<xinL,.

Case 5. x,y € Aj for somej > 2.
Then by the choice of N;, x <y in L; iff y <xinL,.

Case 6. x €Ajandy € Ay withj #k.
Theny <xinL;andx <yinLg.

This completes the proof of Part I. a

PART I1. If A is the set of minimal elements of P and width(P — A) =n = 2 then
dimg(P)<2n - 1.
Proof. Partition P — A into chains Cy, C;, ..., C,.
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Let Cy, C;, ...,C, be maximal chains in P such that C; C C; for all i <n. Let ¢; =
min 5, Since A4 is a maximal antichain, each ¢; €A4. For i=1,2,...,n — 1, let M; =
M(C,,C; — Cy, A) and M{ = M(C;, 0, 0). Let M,, = M(D,C,,, 4).

We claim that £={M;: 1<i<n}U{M;:1<i<n -1} is a greedy realizer of P.
To verify this claim we consider any x Il y in P.

Case l. x, yEP -~ A.

Suppose that x € C;, for some i <#. Then y <x in M; . If x €C,, then there existsj <n
such that y €C; — C,; so y<x in M;. By symmetry we can also find 0 € T such that
x<yino.

Case 2. x,y€A4.
Since P is indecomposable we may assume without loss of generality that there exists
z € U(y) — U(x). Suppose that z €C; — C, for some i <n.Then y <z <x in M;. Other-
wise zE€C, andy <z <xinM,.

Next we try to put y over x. If there exists z € U(x) — U(y) we are done by symmetry,
so we may suppose that U(x) & U(y). By (d) of Lemma 11, x <y in M; for each i =
1,2, ...,n~1.

Case 3, x€P ~Aandy €4,
Let x€C;. If i<n and x €C; — C,, then x <y in M;. Otherwise x €C,, and x <y in
M,,. By Case 2 there exists 0 € Z such that y <¢; <x in 0.

This completes the proof of Part II. ]

PARTIIL. If A = MIN(P) and P — A is a chain, then dimg(P) < 2.
Proof. From Theorem 2, we know dim(P) < 2. Thus dimg(P) < 2. O

PART V. If A is an antichain in P and width(P — A) = n > 2, then dimy(P) <n® + n.

Proof. Partition P — A into the chains Cy, C,,...,C,. Foreach i=1, 2,...,n, let
C; be a maximal chain in P with C; C C;. Then let A=P— (C, UC, U -+UC,). For
each i=1,2,...,n let 4;=[ANMIN(P)]U{a€4:a:>c in P for some ¢ €EC;}).
Let E; = C; N D(4;) and F; = C; — E;. Let M; = M(E;, F, A;) for eachi=1,2, ..., n.

For each 7, define a partial order @; on A; by setting a <b in Q; iff U(a) C U(b) and
D(b) C D(a). Note that Q; is antisymmetric because P is indecomposable. If every element
of A; belongs to MIN(P), let V; be an arbitrary linear extension of Q; and let ¢; be the
Nj-least element of A;. Otherwise, let x; be the largest element of E;. Choose ¢; from 4;
so that g; is a minimal element in Q; and @; :> x; in P. Then let NV; be any linear extension
of Q; for which g; is the least element in N;. Let L; = L(C;, 4;, A — 4;, N)).

Consider integers , j with 1 <i, j<n and i #/. Let 4;; ={a € A — A; : there exists
¢ €C; — C; such that ¢ :>c in P and there does not exist x € D(A) such that ¢ <x <a
in L;}. Observe that any element of A which is minimal in P or which covers a point of
C; belongs to A;. By (d) of Lemma 10, for eacha € A — 4;, there exists x €P — C; such
that ¢ :>x in P and there is no point of D(A) between x and @ in L;. Thus for each i,
{4;3V{4;;:j#i} is a partition of A. For all 1<<j, j<n with i #/, let M,-,-=M((,_’-,
C—‘,t' - 6}" AI])
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We claim that the n? + n greedy linear extensions in £ ={L;:1<i<n}U {M;:1<
i<n}U{M;:1<i,j<n withi#j} form a greedy realizer for P. Consider an arbitrary
pair x I y in P. We must demonstrate that there exist o, 7 € T such that x <y in o and
y<xinr7.

Casel. x,yEP - A.
Suppose x € C; and y € (. Thenx <y in M;; and y <x in Mj;.

Case 2. x€P - Aandy €EA.

We first find a greedy linear extension in £ which puts x over y. Let x € C_‘, If yE€ 4; for
some i #j then y <x in Mj; since y € U[A;;]. Otherwise y € A;; for all i #. Then using
(d) of Lemma 10,y <x in L; for all i #;.

Now we show that there is a greedy linear extension in £ which puts y over x. Again
let x EC_‘]-. If x €E; and y € 4;, for some i, then x <y in L;. So suppose that x EF. If
there exists k£ such that x € F, and y €4, then x <y in M. Otherwise there exists
k #j with y € Ay and x € C.. Then x <y in My .

Case 3. x,y EA.

If x€4; — Ajand y €4; — A;, then x <y in L; and y <x in L;. Otherwise x, y € A; for
some i. First suppose that x <y in Q;. Then x <y in L;. Also U(x) & U(») or D(y) &
D(x). In the first case there exists #u €P — A such that y <u in P and u ll x in P. By Case
2 there is a greedy linear extension ¢ € 2 such that y <u <x in ¢. A similar proof works
if D(y) & D(x). Now suppose that x is incomparable to y in Q;. Then arguing as above we
can use Case 2 to show that there exist 0,7 EX suchx <yinocand y<xinr. O

PART V. Let A be an antichain in P and suppose that P — A is a chain in P. Then
dimg(P) < 3.

Proof. Without loss of generality C is a maximal chain. Let M, = M(C, @, §). Then
C/A in M;. Also the M, -largest element @ of A satisfies D(a) N C C D(a) N C for all
a €A. Let N be the dual of the restriction of M; to A. Then let L, =L(C, A, 9, N). Then
A/D(A) in Ly and x <y in M, iff y <x in L, forallx, y € A. Finally, let M, = M(D(A),
C — D(A), A). Then A/C — D(A) in M, . This completes the proof of Part V and The-
orem 3. O

7. The Examples

In this section, we construct examples of ordered sets to show that each of the inequali-
ties in Theorem 3 is best possible. We follow the same format as in the preceding section.

PARTI. For each n =1 there exists an ordered set P such that width(P—MAX(P))=n
and dimg(P)=n + 1.

Proof. Let P=P, . where {P,,; :n=1} is the family of ordered sets illustrated
in Figure 1. The set of maximal elements of P, is {x, ¥} and the width of P, 4; —
{x, y} is n. However, dimg(Pp +1) =n + 1. O



160 HENRY A.KIERSTEAD AND WILLIAM T. TROTTER, IR.

PART I1. For each n = 2, there exists an ordered set Q such that width(Q — MIN(Q))=n
and dimg(Q) =2n — 1.

Proof. If n=2, then Q=P§ provides the required example. For n 223 let 0 =Q,
where 0, is defined for n > 3 (and even n = 2) as follows. The minimal elements of Q
are {aq, a3, ...,a, } U {by, by,....b,}. The remaining points in Q are @ — MIN(Q) =
{x1, %2, s xn JYU{y,¥2, - s vn V{21,240, ...z, }. Foreachi <n, z; : >y; :>x; 1>
b; in Q. In addition, for each i, j<n with i #J, z; :>x;, y; :>b;, and y; :>a;. The
ordered set Q5 is depicted in Figure 3.

N7
M

7
AR
R X

27

Suppose that £={L,,L,,...,L;} is a greedy realizer of Q. Then in particular Z must
meet the following requirements for all #, j, and k such that 1 <i,j, k <n andj #k.

Requirement U;: There exists L € X such that z; <g; in L.

Requirement V; . : There exists L €  such that y; <x, inL.

Next we present a series of easy claims each of which will limit the number of these
n? requirements that can be met by any one L €Z.

CLAIM 1. There is at most one i such that L satisfies U,.
Proof. M z;<a;inL thena; <y; <z;<a; <y;<z;jin L foranyj#1i. a

CLAIM 2. If L satisfies U; and j # i then L does not satisfy V; i forany k <n.
Proof. W z; <a;inL thenx; <z; <a; <y;in L for any j # i and any k. O

CLAIM 3. There exists at most one k for which there exists j such that L satisfies V; .
Proof. Let by, be the L-largest element of {b,, b;, ..., b, }. Then for each I <7 with

I#k, x;:>byin L, since L is a greedy linear extension. Thus, x; <b, <y; in L, for any

l#k and any J. |

We now complete the proof of Part II by showing that ¢, the cardinality of Z, must be
at least 2n — 1. By Claim 1 we may assume that requirement U; is satisfied by L; for
1 <i<n. By Claims 2 and 3, at most n of the requirements V;; are satisfied by L, L,
...,L,. By Fact 3, at most (£ - n) (n — 1) of the remaining n(n — 2) requirements V;;
are satisfied by Lp+1, Lp+2,...,Ls. This requires (¢ —n) (n—1)=n(n —2), and
thus z 2 2n — 1, which completes the proof of Part IL. O

We note for the record that dimg(Q;) = 2.
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PART III. There exists an ordered set Q such that Q — MIN(Q) isa chain and dim,(Q) > 2.
Proof. Any nontrivial antichain will do for Q. ]

PARTIV. For every n = 2, there exists an ordered set R and an antichain A C R such
that width(R — A) = n and dimg(R)>n* + n.
Proof. This construction is considerably more complicated than the others and
requires some preliminary development. For an integer m, let m denote the set {1,2, ...,
m} while m” denotes the Cartesian product of n copies of m. The elements of m” are
functions from n to m so we can lexicographically order m” by defining f <g when
f(i)<g(i) for the least integer i such that £ (i) #g(i). We abbreviate this linear order
by writing f <g in LEX.
For integers n, m with n=>2 and m > 1, we define an ordered set R(n, m) by the
following rules:
(1) The point set of R(n, m) is the union of disjoint sets 4 U D U U.
(2) A is a maximal antichain of R(n, m).
(3) D=D(A) and U= U(A).
(4) d<uinR(n,m)foreveryd €Dandu €U.
(5) The points in D are labelled as {d(f, j): fEm", jEn}. We set d(f, j)<d(g, k)
in R(n, m) iff f<g in LEX. Thus for each j € n the elements in D; = {d(f; j):
FEm” } form a chain.

(6) The points in U are labelled as {u(7, j):i€m,j&n}. We set u(i, /) <u(k, 1)
in R(n, m) iff i <k and j = 1. Thus for each j €n the points in U; ={u(i, j):
i €m} form a chain.

(7) The points in A are labelled as {a(f, j): fEm” and j€n}. We set d(f, j) <
a(g, k) in R(n, m) iff f<g in LEX, or f=g and j = k. Furthermore, a(f, j) <
u(i, k) in R(n, m) iff f(k) <i.

We illustrate this definition by providing in Figure 4 a diagram of R(2, 2). To simplify
the diagram the coordinates of the various points are printed along the sides of the
diagram.
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The following result is a special case of the ‘Product Ramsey Theorem!

THEOREM. Let n, p, and r be positive integers. Then there exists an integer m, (depend-
ing on n, p, and r) so that if m 2 mq and V: m" = ris any function, then for eachj €n
there exists a p-element subset H; C m and there exists an integer a €1 so that ¥(f) = a
forevery f€EH, XHy X - X H,. O

For each n 2 2, we apply the preceding theorem with
24,
p= <ﬁ——’:’——1)+2 and r=p"" *tn-1

and let m =mgy be the integer provided by the Product Ramsey Theorem. Then set
R =R(n, m); note that R actually depends only on n. To complete the proof, we show
that dimg(R)>n2 +#. To accomplish this we suppose to the contrary that dimg(R) <
n?+n. It follows that there exists a greedy realizer £={L,, L,,...,L;} of R where
t=n®+n-1.

Let fE€m”; in what follows, we refer to the n-element antichain {d(f,7): 1 <j<n}
as the f-level of D. Similarly, we refer to the n-element antichain {u(f(j),/): 1 <j<n}
as the f-level of U. The elements of the f-level of D always occur at the same height in R,

but this is not the case with the points in the f-level of U.
For each f€m", we consider the points in the f-level of U, and we consider the

orderings imposed on them by the linear orders in Z. In particular, we record which
element of the f-level of U is the lowest in L. This is accomplished by a sequence (&,
k,, ..., k;) where the least element in the restriction of L; to the flevel of U is u(f(k;),
k;). With this convention, we have defined a function ¥ mapping m” to n*. We conclude
that there is some sequence @ = (ky, k5, ..., k,) and n subsets /y, H,, ..., H,, of m with

| H; =p=<7t-)+2 foreachj&n,
so that ¥(f) =a forevery fEH, X H, X - X Hy,.

For eachj €n, we let V; ={u(i, j): i €H;} and relabel the points of V; as {v(7, j):
i€q}, where v(i, j)<o(i’, j) in Riff i<i'. Wealsolet V=V, UV, U---UV,. The
basic purpose behind this Ramsey construction is stated in the next claim which follows
immediately from the fact that each f€ H; x Hy X -+ x H), is mapped by ¥ to the same
a€n’.

CLAIM O. For each L € T there exists k € n such that V[V in L. O

For eachi€p — 1, let f; Em" be such that fi(j) = k where u(k, j) =v(i + 1.j). Thus,
for all j, k €mn, a(f;, /) <v(l, k) in R iff i <I. Since X is a realizer of R, Z must meet the
following requirements for each i, i' € p — 1 withi <i' andj,j’, k En.

Requirement S(i, j, k) : There exists L € T such that v(i, k) <a(f;,/)in L.
Requirement T(i,i',j,j'): There exists L € £ so thata(fy,; ) <a(f;,j)inL.
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To complete the proof, we show that since | |=n%+n—1, T cannot satisfy all
of these requirements. We begin with a series of claims which restrict the number of
requirements that can be met by a single linear extension L € Z.

CLAIM 1. For each i €p — 1 and each j € n, there is at most one k €n such that L
satisfies requirement S(i, j, k).

Proof. Suppose that L satisfies S(i, j, k). Then v(i, k) <a(f;,7) <v(p, 1) in L, for any
1€ n. Thus by Claim 0, V/V} in L. Now suppose that /€ n and ! # k. Then a(f;,7) <
v(p, k)<w(i,!)in L, so L does not satisfy S(, j, I). O

CLAIM 2. Suppose that i, i'€p—1,i<i',and j, j', k €n. If L satisfies S(i, j, k) or
T3, i',7,j"). thend(f,,i) is the L-largest element of the f;-level of D.

Proof. Since L is greedy, if d(f;,7) is not the L-largest element of the f;-level of D,
then a(f;,7) :>d(f;,j) in L. Thusa(f;.j) <d(f;, m) in L, where d(f;, m) is the L-largest
element of the f;-level of D. Since d(f;, m) <a(fy,j') in L and d(f;, m) <v(i, k) in L,
L satisfies neither S(i, j, k) nor T(i,i',,7'). O

CLAIM 3. Suppose that i, i'€p — 1 with i <i' and j, j' €n. If L satisfies T(i, i', j,j"),
then L does not satisfy S(i', j', k) for any k €n.

Proof. Since L satisfies T(i, i’, j, j") we have a(fy, j") <a(f;,j) <w(i’, k) in L for
allk €n.

We are now in a position to conclude the proof of Part IV. For each i€p — 1 and
jE€nlet Z; j={LE€Z:d(f;,]) is the L-largest element of the f;-level of D}. By Claim
1, for each i€p —1 and j €n, it takes n distinct linear extensions to satisfy S(i, j, k)
for all k €n. Thus, by Claim 2, |Z; ;|=n. Clearly Z;; N Z; ;7 =0 if j#j'. Since t =
n*+n —1, for each i €p —1 there exists j(i) such that | Z; jiyl =n. Let Zi jiy = Zy.
Note that if T meets requirements S(i, j(i), k) for some k € n, then some L € Z; satisfies
S(i, j(i), k). Since p = (:’) + 2, there exist , i’ € p — 1 with i <i' such that Z; = Z;*. By
Claim 2, if L € ¥ satisfies T(i, i', j(i).j(i")), then L € T; = Z;. By Claim 3, L does not
satisfy S(i', j(i'), k) for any k €n. By Claim 1 the remaining n — 1 linear extensions
in T; cannot satisfy all of the requirements S(i', j(i"), k) for k € n. This contradicts
the assumption that Z is a realizer of R and completes the proof. |

PART V. There exists an ordered set R and an antichain A C R Such that R - A is a
chain and dimg(R) = 3.

Proof. The ordered set shown in Figure S is the required example. It is a well known
example of a three-dimensional ordered set. 0

Y

Fig. 5.
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