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Abstract. A linear extension [x; < x; <--- < x,] of a finite ordered set = (P, <) is super greedy if it
can be obtained using the following procedure: Choose x; to be a minimal element of %; suppose
X{....,X, have been chosen; define p(x) to be the largest j < i such that x, < x if such a j exists and
0 otherwise; choose x,, | to be a minimal element of P—{x,..., x,} which maximizes p. Every
finite ordered set »# can be represented as the intersection of a family of super greedy linear exten-
sions, called a super greedy realizer of 2. The super greedy dimension of & is the minimum cardinal-
ity of a super greedy realizer of & Best possible upper bounds for the super greedy dimension of
S are derived in terms of |P — Al and width (P — 4), where A4 is a maximal antichain.
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1. Introduction

It is well known that every ordered set &2 can be represented as the intersection
of some family of linear orders, each of which is a linear extension of %. Such a
family is called a realizer of . The dimension of the ordered set ., denoted
by dim(%), is the minimum size of a realizer of #. The concept of dimension
has proved to be a useful invariant in the study of ordered sets. The reader is
referred to Kelly and Trotter {5] for a survey of this subject. A natural extension
of the concept of dimension arises from requiring the linear extensions that form
a realizer to have certain additional properties. Let C be a class of linear exten-
sions of 2. A family Z of linear extensions of % is a C realizer of # if Z is a
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realizer of % and every linear extension in X comes from C. The C dimension
of %, denoted dim (%) is defined to be the minimum size of a C realizer of
£ if one exists and is undefined otherwise. A comparison between the dimension
and the C dimension of an ordered set can be used as a measure of the rich-
ness of the class C. Several authors, including Bouchitté et al. [2], Kierstead
and Trotter [7], and Rival and Zaguia [11], have studied the G, or greedy,
dimension of ordered sets 2, where G is the class of greedy linear extensions
of 2. In this article we investigate the SG, or super greedy, dimension of ordered
sets &, where SG is the class of super greedy linear extensions of .%2. We pause
now to define the notions of greedy and super greedy linear extension.

Let 2= (P, <) be a finite ordered set on ¢ elements. For a subset S of P we
denote the set of minimal elements of P restricted to S by MIN(S). The open
upset of S is U(S)={xeP:s<x for some seS}. If S={s} we may write
U(s) for U(S). Consider the following (non-deterministic) algorithm for con-
structing a linear ordering [x;, ..., x;] on P.

ALGORITHM LIN
SET R=P, M=MIN(R)
FORi=0,...,t—1
CHOOSE x;, 1€ M
SETR=R—{x,1}, M=MIN(R)
END

For any sequence of choices of the points x,,;, algorithm LIN produces
a linear extension of #; and every linear extension of # is obtained from LIN
by a suitable sequence of choices of the points x,, ;. We can obtain a more
restrictive class of linear extensions by further restricting the choice of the x, ;.
For example a greedy linear extension of & is a linear extension of % which
is obtained from algorithm LIN together with the additional tie breaking rule:

T;: Prefer elements which cover x;, ;_; for x,, ;.

More precisely, a linear extension of & is greedy iff it is obtained from the
following algorithm GREEDY by a suitable sequence of choices of the points

Xi41-

ALGORITHM GREEDY
SETR=P, M=MIN(R), G=M
FORi=0,...,1—1
CHOOSE x,,,€ G
SET R=R-{x,;1}, M=MIN(R)
IFMAUlx,,)#0
THEN SET G = M~ Ulxi, 1)
ELSESET G=M
END
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Note that since G is always a nonempty subset of M, we do indeed get a linear
extension of &,

In this paper we are concerned with the even more restrictive class of super
greedy linear extensions of %, A greedy linear extension of & is super greedy if
it is obtained from algorithm GREEDY together with the additional tie breaking
rules:

T;: Prefer elements which cover x, 1 _» for x, ;.

T,: Prefer elements which cover x, . ;_, for x, ;.

Such a tie breaking scheme is implemented according to its order, i.e., 7, has
higher priority than 7, if i <j. More precisely, a linear extension of 2 is super
greedy iff it is obtained from the following algorithm SUPER GREEDY by a
suitable sequence of choices of the points x, . ;.

ALGORITHM SUPER GREEDY
SETR=P, M=MIN(R), SG=M
FOR i=0,...,1— 1
CHOOSE x,. € SG
SETR=R—{x,.,}, M=MIN(R), j=i
WHILE M~ U(x)=0 AND j#0 DOSET, j=j-1
IFj#0
THEN SET SG = M n U(x))
ELSE SET SG =M
END

These definitions are illustrated on the ordered set % and three of its linear
extensions shown in Figure 1. The linear extension .#| is not greedy because
¢ = x; is not an element of G = {d, e} at stage i =2. The linear extension %, is
greedy, but is not super greedy. Note that ¢= x4 is an element of G=M=
{e, c}, but is not an element of SG = {e}, at stage i= 3. The linear extension
%y is super greedy.

ey e cy
as c ey
cT d dy
by b b
aL a a\L
? £, £, £,

Fig. 1. Of the linear extensions 7| , %, and #; of #, 7| is not greedy, %, is greedy but not super
greedy, and .#; is super greedy.



296 H. A. KIERSTEAD ET AL.

The original motivation for studying greedy linear extensions stemmed from
their connection with the jump number problem. However, Bouchitté et al. [2]
observed that every ordered set has a greedy realizer and proceeded to identify
several classes of ordered sets for which the greedy dimension was the same as
the dimension. So it was natural to further investigate greedy dimension. Kier-
stead and Trotter [7] obtained best possible bounds for the greedy dimension of
2 in terms of both the cardinality and the width of P — 4, where 4 is a maximal
antichain. Super greedy linear extensions were introduced by Pretzel [10] as a
natural restriction of the notion of greedy linear extension. He observed that
every ordered set has a super greedy realizer and in fact dimg; () < width(#).
Pretzel asked whether Kierstead and Trotter’s work on greedy dimension could
be extended to super greedy dimension. This paper answers Pretzel’s question.
It was later observed by Golumbic [3] and others that super greedy linear exten-
sions are closely related to depth first search. If one adds an artificial least
element to . and then does a depth first search starting at this element, and
records each element of P the last time it is visited during this search, then
one obtains a super greedy linear extension of & in reverse order; moreover
all super greedy linear extensions of & can be obtained in this way. The reader
is referred to Kierstead and Trotter [§] and Bouchitte et al. [1] for a general
introduction to super greedy linear extensions. Some problems involving super
greedy linear extensions with constraints are shown to be NP-complete in
Kierstead [6].

In the remainder of this section we shall review our notation. The principal
theorems are introduced in Section 2. The rest of the paper is devoted to their
proofs.

Let #= (P, <) be a fixed finite ordered set and let S be a subset of P. Then the
set of maximal elements of .2 restricted to S is denoted by MAX(S). If S'is a
chain max(S) denotes the largest element of S and min(S) denotes the smallest
element of S. The closed upset of S is

U[S] = {xe P: s < x for some s € S};
the closed downset of S is

D[S]={xe P:x<sforsome s S};
and the open upset of S'is

D(S)={xe P:x< s forsomeseS}.

In the case that S= {s} we may write s instead of S in each of these notations.
We write x < Sif x < s for all se S and S < xif s < x for all s € §. We denote the
cover relations by <«:, i.e., x <.y iff x <y and there does not exist z< P such
that x < z < y. We write x| y if x is incomparable to y and x| y if x is comparable
to y. If #= (P, <) is a linear extension of %, we write x < y in & for x <5 y. We
write .Z-max(S) for the greatest element of S in the linear order . and .#-
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min(S) has a similar meaning. For T a subset of P we say that T is over S in %,
denoted 778, if whenever te T, s S, and t| 5, then s < t in 2.

2. The Principal Theorems

The primary purpose of this paper is to develop inequalities for the super greedy
dimension of an ordered set % in terms of the cardinality and width of P — A4,
where A is a maximal antichain in . This is a continuation of work begun by
Hiraguchi [4] and Trotter [12] for ordinary dimension and continued by Kier-
stead and Trotter [7] for greedy dimension. For the rest of this paper 4 will
denote a maximal antichain in the ordered set under consideration, usually %,
U will be the open upset of 4, and D will be the open downset of 4.

The next theorem extends a result of Trotter [12] and Kimble [9] for ordinary
dimension.

THEOREM A (Kierstead and Trotter [7]). Let A be a maximal antichain
in an ordered set # = (P, <) such that |P — A|>2. Then dimg(#)<|P-4l. O

The situation is considerably more complicated for super greedy dimension.
The following theorem details the possibilities.

THEOREM 1. Let A be a maximal antichain in an ordered set # = (P, <) such
that |P—Al>2. Let D=D(A), U= U(A4), m=I|D|, and n=|U|. Then each
of the following inequalities (i) is true and (11) is best possible.

@ IfD#£0 and U#0, thendimgg(P)<m-n+ 1.
(b) If A = MIN(P), then dimsc (%) < n.
(c) If A= MAX(P), then dimgg(R) < m. a

Next we consider the effect of the parameter width(P — 4). For ordinary
dimension we have

THEOREM B (Trotter [12]). Let A be a maximal antichain in an ordered set
P = (P, <) such that width(P — A)=n 2 1. Then each of the following inequali-
ties (1) is true and (ii) is best possible.

(a) dim(2)<2n+1.
(b) If A= MIN(P), then dim(#)< n+ 1.
(¢c) If A= MAX(P), then dim(P) < n+ 1. O

For greedy dimension the situation is;

THEOREM C (Kierstead and Trotter [7]). Let A be a maximal antichain in an
ordered set %= (P, <) such that width(P — A)=n=>= 1. Then each of the follow-
ing inequalities (1) is true and (ii) is best possible.

(@) dimg(P) < max{3, n*+ n}.
(b) If A= MIN(P) then dimg(#) < max{2,2n — 1}.
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() If A= MAX(P) then dimg(F)<n+ 1. O
The next theorem fully describes the situation for super greedy dimension.

THEOREM 2. (a) For every positive integer m there exists an ordered set P =
(P, <) with a maximal antichain A such that width(P — A) = 1, but dimgg(#) = m.

Let A be a maximal antichain in an ordered set #= (P, <) such that width(P —
A)=n= 1. Then each of the following inequalities (1) is true and (ii) is best
possible.

(b) If A = MIN(P) then dimgg(#) < 2n.
(¢) If A=MAX(P) then dimsg(F) < n + 1. O

In the next section we will provide the examples which show the upper
bounds of Theorems 1 and 2 are best possible. This will enable the reader to
gain some facility in working with the notion of super greedy realizer. In Section
4 we lay the groundwork for proving the upper bounds of Theorems | and 2.
In particular, we establish some technical lemmas which will provide us with
super greedy linear extensions possessing special properties. In Section 5 these
super greedy linear extensions will be used to construct realizers witnessing
the upper bounds of Theorems 1 and 2.

3. Examples

Before beginning our constructions we note that for any ordered set %, dim(#) <
dimg;(£). An ordered set of the type shown in Figure 2 is called the standard
example of width #. It is well known to have dimension n. Thus we have:

Proof of Theorems 1.b.i, 1.c.ii, and 2.c.ii. By the above observation these
results follow immediately from the standard example and Theorem B.c.ii. O

Proof of Theorem 1.a.ii. For any positive integers m and n we must construct
an ordered set #= (P, <) with a maximal antichain 4 such that

|D|= m, |U=n and dimgg(@)=m-n+1.

al az as an

Fig. 2. The standard example of width n.
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Let P=Du Au U, where

D={d,....,dn}, A={xylula,,:i=1,...,mandj=1,...,n},
U= {ul,...,u,,}

are all antichains of #. Let &7 be the transitive closure of the following cover
relations, wherei=1,...,mandj k=1, ..., n:

() di<:a, ;< u iff k#J;
(i) x<:u,; and
(i) d, <: y.

Figure 3 shows #if m=2 and n=3.

d1 d
Fig. 3. An ordered set % such that [D{=2, |U|= 3, and dimg; () =23 + 1.

Next we show that dimgz(%#)>= m-n+ 1. Each of the following conditions
must be met by some linear extension . in any realizer of &:

(C)u<a,;inZfori=1,...,mandj=1,...,n;and (C): y<xin.Z.

Thus it suffices to show that at most one of these conditions can be met by any
super greedy linear extension . of . Fix such an .#. First notice that for all
i=1,....mandk=1,...,n:

(*) ifd, < d, in Z then a; ; < d; in ¥; and
() ifd, < xin ¥ thena; < xin.Z.

This is because once d; is chosen during algorithm SUPER GREEDY each
a, 18 in M and has higher priority under the tie breaking scheme than either
d; or X.

If # satisfies (C) then D <y<x< U in % Thus, by (#) 4 — {x, y} <x in %
and no condition (C, ;) is satisfied by . Now suppose . satisfies (C, ;) and con-
sider another condition (Cj, x). If i#h we have {d,,d,} < uj<a;; in £ and
d, < uy. By (*), d, < d, in Z. Thus, using (¥) again a; ; < d, < u; in & and (Cy, ;)
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fails. Otherwise i=#h and k#j. But then a, , <u;<a;;<u; in £ and again
(Cy, ) fails, We conclude that dimgg(#) > m-n + 1. a

Proof of Theorem 2.a. Fix a positive integer m. We must construct an ordered
set # = (P, <) with an antichain A4 such that width(P — 4) =1 and dim; (%) >
m. Let P=CuUA, where C=1{d, <d,<---dp<uy<uy<---<uy,} is a chain
in #and A={a,,a,,...,an,, u;} is a maximal antichain in & such that d; <:
a;<:u;,, fori=1,...,m—1andd,, <: a,,. Figure 4 shows # if m=3.

Fig. 4. An ordered set 4 with maximal antichain 4 such that width(P — 4)= | and dimgg; (%) =3.

We must show that dimg;(#) < m. Each of the following conditions must
be met by some linear extension .# in any realizer of &:

C) u<aing fori=1,...,m.

Thus it suffices to show that at most one of these conditions can be met by any
super greedy linear extension 2 of 2. Fix such an .#. We will show that (C;)
implies not (C)) for 1 <i<j< m. First notice that foralli=1,...,m—1:

(*) ifd,,; <a,in Zthenag <a,inZ.

This is because once d,,; is chosen a,,; and d;,, are in M and have higher
priority in the tie breaking scheme than a,. So {a,,, d,~+2} < aq, in . But after
d;., is chosen a,,, and d,,3 are in M and have higher priority than g, etc.
Now suppose .7 satisfies (C;). Then d,,y <u,<a, in &. Thus by (*¥) g, < a, <y,
in % and (C)) is false for j>i. This clearly implies that at most one of the
conditions is satisfied by . We conclude that dim g5 (%) > m. O

Proof of Theorem 2.b.ii. Fix a positive integer n. We must construct an ordered
set #=(P,<) such that width(? — MIN(P))=n and dimg;(#)>2n. The
ordered set 2 consists of four layers:

MIN(P)={a,,a}, ar, a5, ..., an, a,}, X=1x1,...,x,.},
Y={y,....,v,} and MAX(P)={z,,..., 2z}
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2 1s the transitive closure of the following cover relations, where i, j=1, ..., n:

() a/<:x;<:y: <2 2,5
(i) a,<: z,;
(i) a,<:y, ifi#j; and
(iv) a/<:y, ifi#).
Figure 5 shows &2 in the case n = 3.

2, Z2

a, 2,

Fig. 5. An ordered set # such that width(P — MIN(P)) = 3 and dimgg (#) =2 -3.

Now we show that dimg;(%) = 2n. This is surely the case if n =1 so assume
n> 1. Each of the following conditions must be met by some linear extension
Zin any realizer of %, where i=1, ..., n and @ is addition modulo n:

(C) yy<a,in®; and
(Dl) Zip1 < X, in.Z.

Thus it suffices to show that at most one of these conditions is satisfied by
any super greedy linear extension . of 2. In fact it is clear that any linear
extension that satisfies (C,) cannot satisfy any of the other conditions. Now let
Z be a super greedy linear extension. Then for i, j=1, ..., n:

(*) ifa/<a/in Zthen x, < a/in.Z.

This is because once a; is chosen x,e M and has higher priority in the tie
breaking scheme than a/. Thus if & satisfies (D,) then a/ < a; for all j # i, since
otherwise x, < a/< z, in . It follows that if & satisfies (D,) then # does not
satisfy any of the other conditions. We conclude that dim g (%) = 2n.
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4. Super Greedy Linear Extensions

We begin this section by introducing some concepts that will simplify the
construction of super greedy realizers in Section 5. Later we will prove the
existence of super greedy linear extensions with special properties in which
these concepts are incorporated.

Let #=(P,<) be an ordered set and let ¥ =1{&,:xeP} be a family of
ordered sets indexed by the points of P, where &, = (Qy, <.). The ordinal sum
of & over @, denoted X7, is the ordered set # = (R,<), where R = {(x, y):
xePand ye Q,) and (x, y)<(x’, ¥") iff x < x” or both x = x"and y <, y". We will
make repeated use of the consequences of the following elementary lemma.

LEMMA D (Kierstead and Trotter [8]). Let & be an ordered set and let &
be a family of ordered sets indexed by the points of P. Then dimsg(Z »F) <
max{dimsg(P), dimgc(€): €< F}. O

An ordered set is said to be indecomposable if it cannot be expressed as a
nontrivial ordinal sum. In light of Lemma D and the fact that all our upper
bounds are at least 2 we may assume, without loss of generality, for the rest of
the paper that & is indecomposable. In particular, we assume

(A1) Either D(x)# D(y)or U(x)# U(y) forall x, ye P, x # y.
(A2) There exists y € P such that x is comparable to y, for all x € P.

We define the set N, of nonforced pairs of # by Np=1{(x, e Px P:xly
and D(x)c D(y) and U(y)c U(x)}. The set of nonforced pairs Ny has two
useful elementary properties. Firstly, if X is a collection of linear extensions of
&, then X is a realizer of 2 iff for every (x, y) € N there exists % € X such that
y < x in Z. Secondly, if we define #* = (P, <*)by x<*yiff x<y or (x, y)€ N,
then, using (A1), it follows that #* is an ordered set that extends 2.

When B is a subset of the distinguished maximal antichain 4 of %, we define
a quasi-order @3 = (U, <g) on the open upset of 4 by: x<zy iff D(x)nBc
D(y)~ B. We say that a subset W of U is a B-chain if x|y in Qg forall x, ye W,
and a subset S of U is a B-antichain if x| y in Qg for all x, ye S. A linear order
[w; <wy <---<wy] of a B-chain W is consistent if w, <z w, for all i <j. Note
that a B-chain always has a consistent linear order, but not necessarily a unique
one.

An antichain B is said to be rooted in a chain E if every element of B either
covers an element of E or is minimal; B is said to be strongly rooted in E if
every element of B either covers the maximal element of £ or is minimal.

We now present the technical lemmas which assert the existence of super
greedy linear extensions with special properties needed for the proofs of Theo-
rems | and 2. Only Theorem 2.c uses Lemmas 6 and 7. The reader may choose
to see how these lemmas are used in Section 5 before reading their proofs.
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LEMMA 3. Let E be a chain contained in D and B be an antichain contained
in A such that (%) either E=@ and Bc MIN(P) or E+® and every element
of B covers é = max(E). Let W be a B-chain contained in U. Then there exists
a super greedy linear extension & =(B, W, E) of & satisfying each of the
following properties:

(3.1) EAP— U[B,]) in %, where B, = {be B: b w for some we W};

(3.2) B/Win.%;

(3.3) BAA-B)inZ,

(3.4) if x, ye A—B, (x,y)e Nz, and either x, ye MIN(P) or -max{d:
d<:x}=%-max{d:d<:y}, theny< xin &;

(3.5) ifx, yeB,(x, Y)eNpand Ux)n W=U(y)nW,theny<xin?.

Proof. 1If E+0 let E be an extension of E to a maximal chain in D[é];
otherwise let E =0. Let [w, < w; < --- < w,] be a consistent extension of W. For
each xe B, we define weight(x) to be the least j such that x < w;; if not x < w,
for all j, we define weight(x) to be infinite; if x ¢ B; we define weight(x) to be 0.
We let .7 be a super greedy linear extension constructed by adding the follow-
ing tie breaking scheme to the algorithm SUPER GREEDY.

T, : Prefer elements of (4 w D) - (B~ E).
T;: Minimize weight(x; ).

T;: Avoid elements of E.

Ty: #*-maximize x,, |.

In order to show that . satisfies property (3.1), we prove the stronger result:
(3.1") E/(P-U[B,]) inZ.

Suppose (3.17) 1s false and let stage i be the first time that (3.1°) is violated.
Then x,,, € E and there exists ye R — U[B,] such that x,,, | y. (At stage i,
R=P—{x),...,x}.) We can, and do, choose y € M, where M = MIN(R). Since
x41€E, x| is not preferred to y by 7;. Since y¢ B, x,, is not preferred
to y by T;. On the other hand, y¢ E, so y is preferred to x,,, by T3. We con-
clude that y¢ SG. Thus there exists j<i such that x;< x,,, x|y, and, for
j<k<i, x;1x., and x; | y. By the choice of i, x,¢ E. Let x;, be the greatest
element of E that is less than x,, . Since x, witnesses that x,, | ¢ MIN(P), such
an element x, exists by the maximality of E. By the choice of i, 4 <j. By the
maximality of E, not x; < x,, and thus x, | x,. Since x, < x;,, x,¢ U[B,]. But
then /4 < i + 1 contradicts the choice of i and property (3.1’) must hold.

Now suppose property (3.2) is false at some stage i. Then x;, | € B| and there
exists w, € R n W such that x,, , | w,. Choose y € M so that y < w,. Since X4 €
B, x,, is not preferred to y by 7. However, weight(y) <r, while weight(x;, ) >
r, and thus y is preferred to x,,; by 7. We conclude that y ¢ SG. Thus there
exists j < i such that x, <x,, 1, x, Iy, and, for j< k<i, x| Xx,4+1 and x; | y. Since
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X, 41 € MIN(P) and B is strongly rooted in E, é <: x,, ;. Thus, by property (3.1),
x,=é and ye U[B,]. Say be B, such that b < y<w, and b| w;. Then s <r and
|W|=2. (If, as will be the case in Lemma 4, |W|=1, then there is already a
contradiction.) By (), é <: b. But this contradicts y | x; = é and so property (3.2)
holds.

Next suppose that property (3.3) is violated at stage i. Then x,,; € B and
there exists a€ R n (4 — B) such that x,, | | a. Let ye M such that y < a. Notice
that y¢ E by (*), because if E#0 then é<:x,.;. Thus ye(4uD)—(BUE)
and is preferred to x,,; by 7;. We conclude that y¢ SG. Thus there exists
j<isuch that x, < x,, 1, x,| y, and, for j < k <i, x| x,, 1 and x| y. Since x;, | ¢
MIN(P), é <: x,.|. By property (3.1), x, = é. But then x; | y contradicts property
(3.1), so property (3.3) must be true.

Now suppose property (3.4) is false at stage i. Then there exists ye R such
that x;,,, ye A—B, (xi;1, V)€ N, and (*) either x,,,, ye MIN(P) or .Z-
max{d:d<:x,,1} =%-max{d:d<:x,,,}. By (**) yeSG. Since ygBUE,
x,41 is preferred to y by neither 71, T3, nor T3. But y is preferred to x,, | by 7j.
This contradiction shows that property (3.4) is true.

Finally, suppose that property (3.5) is false at stage i. Then x;,; € B and there
exists ye R B such that (x,,;,y)e Ny and U(x, ) )nW=U(y)n W. By (¥
and property (3.1) ye SG. Since Xx,, is preferred to y by neither T}, T, nor T3,
but y is preferred to x,,, by Ty this is a contradiction. Thus property (3.5) is
true. O

LEMMA 4. Let E be a chain contained in D, B a subset of A strongly rooted
in E, and v and w elements of U such that D(v)~ B¢ D(w)~ B. Then there
exists a super greedy linear extension # = #(B, v, w, E) of # such that:

(4.1) E/AP— U[B,]) in .#,where By ={be B:b| w};

4.2) B/win 4,

4.3) v/Pin A,

(4.4) if x, ye B, (x, y)€ Nz, xe MIN(P) iff ye MIN(P), and x<w iff y<w,
theny < xin #.

Proof. Let W= {w} and define é, E, and weight as in the proof of Lemma
3. Let he B such that b<v, b|w, and b is #*-minimal among all such ele-
ments. Choose a chain F which is maximal among all chains with minimal
element b and maximal element v. Let .# be a super greedy linear extension
constructed by adding the following tie breaking scheme to algorithm SUPER
GREEDY.

T\ : Minimize weight (x;, ).
T,: Avoid elements of E.
T5: Avoid elements of F.
T: #*-maximize X, ;.
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Properties (4.1) and (4.2) are proved just as properties (3.1) and (3.2) were
in the previous lemma with the exception that |W|=1 is used instead of (*) at
the end of the proof of (4.2).

To prove (4.3) we actually prove the stronger result:

4.3") F/Pin #.

Suppose that (4.3") is false and let stage [ be the first time that (4.3") is vio-
lated. Then x,,, € F and there exists ye R such that y|x,,,. We can, and do,
choose ye M. First suppose X, = b. Since weight (x4 1) =00, X;.1 is not
preferred to y by T;. If x, . is preferred to y by 7, then ye E and weight(y) = 0;
thus y is preferred to x,,; by 7). Certainly y is preferred to x,, | by T3. We
conclude that y¢ SG. Thus there exists j < i such that x, < x,, 1, x,| y, and, for
j<k<i, x4 x,o, and x; | y. Thus x;,; € MIN(P). Since B is strongly rooted
in E, é<:x;,,=b, and it follows from (4.1) that x; = é. But then | x, contra-
dicts (4.1).

Now suppose x,,| # b. By the choice of i, b < y. Thus weight(y)=0 and
y¢ E. It follows that x,, is preferred to y by neither 7} nor T;. Certainly T3
prefers y to x,,;. Thus y¢ SG. So there exists j<i such that x, < x,,;, X |y,
and, for j< k<i, x¢|x,,; and x; | y. By the choice of i, x,¢ F. Let x; be the
largest element of F less than x,, ;. Then k <. If x | x,, k contradicts the choice
of i; if x; <x,, then x, contradicts the maximality of F. We conclude that
property (4.3) is true.

Finally, suppose (4.4) is false. Say x,,; € B and there exists ye Rn B such
that (x,.1, )€ N, x;.; € MIN(P) iff ye MIN(P), and x;, | <w iff y<w. We
claim that ye SG. If x,,; € MIN(P) then ye MIN(P) also and it follows that
ye SG. If x;, | € MIN(P) then neither is y, and since B is strongly rooted in E,
both x,, | and y cover é. Thus é=x, for some j<i. By property (4.1) é is the
-largest lower cover of x and y. Thus ye M and for j< k<i, x;|x,,, and
x| y. We conclude ye SG. Since x,.; <w iff y<w, weight(x;, ;) = weight(y)
and x| is not preferred to y by T;. Clearly x;,, is not preferred to y by 7.
By the choice of b, x,,; is not preferred to y by 73. However T, prefers y to
X,;+1, which contradicts the choice of x,, ;. We conclude that property (4.4) is
true.

LEMMA 5. Let B be a subset of MIN(P) and let E be a chain in P— MIN(P).
Then there exists a super greedy linear extension /= A (B, E) of 2 such that:

(5.1) E/Pin; and
(5.2) if x, ye Band (x, y)e Ny, then y < x in #.

Proof. Choose a #*-minimal element é of MIN(P) such that Eu {é} is a
chain. Let E be a maximal chain containing E U {é}. We let .#"be a super greedy
linear extension constructed by adding the following tie breaking scheme to the
algorithm SUPER GREEDY.
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T,: Avoid elements of E.
T,: #*-maximize x;, .

To show that .# satisfies property (5.1) we actually prove the stronger result:
(5.1) E/PinJ.

The argument is essentially the same as the proof of (3.1°), but simpler, and
we leave it to the reader.

Now suppose property (5.2) is false at stage i. Say x,, | € B and there exists
yeRNB such that (x,.,,y)eNs. Since x,,;,ye MIN(P) and x,.,€SG,
y€ SG. By the choice of é, x;; is not preferred to y by T}, while y is preferred
to x,,1 by T3, contradicting the choice of x,, ;. We conclude that property (5.2)
is true. 0O

LEMMA 6. Let B be a subset of A. Then there exists a super greedy linear
extension ¥ = %(B) of & such that:

(6.1) for all xe D and y < B with x| y, if there exists e € D such that e < x and
yed,={beB:e=%maxide D:d<: b}, theny<xin.&

Proof. Let .# be a super greedy linear extension constructed by adding the
following tie breaking rule to algorithm SUPER GREEDY.

T, : Prefer elements of B.

Suppose property (6.1) is false and let stage i be the first time that property
(6.1) is violated. Then x,,, €D and for some e D with e < x,,; there exists
ye RN A, such that x,,;1y. Let e=x,. Since ye 4,, ye M at each stage k for
j< k. Thus x; < x; for j < k< i. By the choice of i, e<: x,,| and so x, | x, for
j< k<i. Thus ye SG at stage i. But y is preferred to x,,, by T}, contradicting
the choice of x, ;. Thus property (6.1) is true. O

LEMMA 7. Let E be a chain in P-MAX(P) and let B be a subset of MAX(P)
rooted in E. Then there exists a super greedy linear extension 5 = 7 (B, E) such

that:

(7.1) EAP-B)inT;
(7.2) BAP—-B)in9, and
(7.3) if x, ye Band (x, Y€ Ngp, theny< xin 7.

Proof. Let E be a maximal chain in P — MAX(P) which contains E. We
let 9 be a super greedy linear extension constructed by adding the following tie
breaking scheme to algorithm SUPER GREEDY.

T, : Avoid elements of B.
T,: Avoid elements of E.
T;: #*-maximize x, ;.
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Again the proof that property (7.1) holds is essentially the same as the proof
that property (3.1) holds and is left to the reader.

Suppose property (7.2) is false at stage i. Then x,,, € B and there exists
ye R — B such that x,, | y. We can, and do, choose y e M. Since y is preferred
to x,.; by Ti, y¢SG. So there exists j<i such that x, < x,,, x; | v, and, for
j<k<i, x;lx;., and x; | y. Thus X, <:X,;. Since B is rooted in E and x, | ¢
MIN(P), x,, covers some element e E. By property (7.1) e = x,; but then
el y contradicts property (7.1). We conclude that  satisfies property (7.2).

Suppose property (7.3) is false at stage i. Then x,.; € B and there exists
y€ R B such that (x;,1,)e N» and x;, | y. Note that ye M since otherwise
there exists d € D such that d < y and d| x,, |, which contradicts property (7.2).
Since ye M and D(x)< D(y), ye SG. But x is preferred to y by neither 7| nor
T,, while y is preferred to x by T3. This contradiction shows that .7~ satisfies
property (7.3). O

5. Upper Bounds

In this section we use Lemmas 3 through 7 to construct various super greedy
realizers of #. Recall that we may assume that 4 has properties (A1) and (A2).
When referring to a super greedy linear extension constructed by Lemma 3, for
example, we will simply write #(B, W, E). If one of the parameter sets is a
singleton we may write the element instead of the set.

Proof of Theorem 1.a.i. We must show that & has a super greedy realizer X of
cardinality at most m-n+ 1, where m=|D| and n=|U|. We begin by intro-
ducing some necessary and rather lengthy notation. Fix elements de MAX(D)
and #e U such that D(#) is maximal. Let 4g=A4MIN(P), 4, =A4— Ay,
Py = U[Ag]l, and P, = P — Py. Let &, be # restricted to Py and &, be £ restricted
to P;. Notice that if % is a super greedy linear extension of %, and . is a super
greedy linear extension of &7, then & +.%, is a super greedy linear extension
of .

Let Aj={ae A,:d<:a}. Partition U— {ii} into two element 4;u Ag-anti-
chains and if necessary one 4;u Ag-chain W’. Let G’ be the union of these
Ajuw Ap-antichains. For each ge G’ let g’ be the other element of the 4;u Ap-
antichain to which g belongs. If W’u {i} is an Aj U Ay-chain, let W= W'y {4}
and G=G’; otherwise let W=W’ and G=G'u {a}. Let w=a if deW;
otherwise let w be some maximal element of W in the quas1 order 47,4 FuyrS If
e G, then {i, W} is an 4;U Ag-antichain. In this case let #’'=and W= 4.

Now we begin the construction of X. Let: %y =%, +.%, where % = #(Ag,
W, 0) calculated in %, and % = #(A, 0, d) calculated in .

Note that the parameter sets of %, and %, satisfy the hypothesis of Lemma
3. In particular, if B’c B then any B-chain is a B’-chain. Partition 4, into
{4,:de D}, where A;={ac d,:d=%}-max{de D:d<:a}. Note that this
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definition of A4; is consistent with the previous definition by property (3.1).
For each u € U, we define .#;, u by:

MA(AGju Ay, u', u, d) ifueG
Riu= {40, u) ifue W—{w}
FL(Az, W,d) fu=w.

Notice that if ue G then D(u)n(Ajuw Ag) ¢ D(u)u (Azu Ap). With this
remark we leave it to the reader to check that the above parameter sets satisfy
the hypothesis of the appropriate lemmas.

Finally, forde D — {d} and ue U, let %, , = % (A4, u, d).

We claim that T = {#,} u{%,,:de D and ue U} is a super greedy realizer
of # of cardinality m-n + 1. Clearly every linear extension in X is super greedy
and the cardinality is as claimed. Thus it suffices to show that for every non-
forced pair (x, y) there exists a linear extension in £ which puts x over y. We
break the argument into four main cases: xe D, xe U, xe 4 and ye U, and
x, y€ A. Note that it is not possible to have xe 4 and ye D.

Case l: xeD. Then yg U[A,]. Thus y< xin

2 ‘_{.S”(Ax, w,x) ifx=d
W) LAy, W, x)  ifxeD—{d}

by property (3.1).

Case2: xeU. By the choice of 4 and assumption (A1) x# . Thus either
x'eGorxe W—{w}.
Case2.1: X’ G.Theny<xin%#j = #(Aju Ao, X, X/, d) by property (4.3).
Case2.2: xe W—{Ww}. Then y < x in #; , = #(@, x) by property (5.1).

Case3: xecA and yeU. Then either xe A;, where d#d, xe Aju Ay and
yeG,xeAjand ye W, or xe Ay and ye W.

Case3.1: xe Ay, where d+d. Then y<xin #;,=%(A4,y, d) by property
(3.2). i

Case3.2: xeAjuAdy and ye G. Then y<x in #; ,=#(A;0 Ay, ¥V, y, d)
by property (4.2). i

Case3.3: xeAjand ye W. Then y<x in R, =%(A44, W, d) by property
(3.2).

Case3.4: xe Ay and ye W. Then y < x in #y =% +.%, where % =% (Ao,
W, @) calculated in %, by property (3.2).

Case4: x,ye A. Then either x, ye 4y, x, ye Ay for some de D, xe A; and
ye A,, where d# e, or xe Ay and ye A4;. It is not possible to have xe 4, and
yve Ap.
Cased.l: x,ye Ay. Then y< xin #; ;=L (43, W, d) by property (3.4). ;
Cased2: x, ye Ay. Then y<x in %y=2,+%, where % =(4;, 0, d)
calculated in %, , by property (3.5) or (3.4) depending on whether or not d = d.
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Case4.3: xe Ajand ye A,, where d # e. Then y< x in

{_?(Ad, W,d) ifd=d

Fiv=\ 24y, W, d) ifd4d

by property (3.3).
Case4.4: xe Ayand ye A,. Then y< x in & =% +.%. ad

Proof of Theorem 1.b.i. We must show that % has a super greedy realizer T of
cardinality at most n =|U|. Define 4, g, G, W, w, W', and @’ just as in the last
proof, but with respect to the quasi order @, rather than 4 4;. For each ue U,
define

M(A u,u,0) fueG
R,= {N(A, u) ifue W— {w}
24, W,0)  ifu=w.

We claim that £ ={%,:ue U} is a super greedy realizer of & of cardinality
n. Clearly every linear extension in X is super greedy and the cardinality is
correct. Thus it suffices to show that for every nonforced pair (x, y) there exists a
linear extension in £ which puts x over y. We break the argument into three
cases: xe U, xedand ye U,and x, y€ A.

Case 1. xe U. By the choice of ## and assumption (A1) x # . Thus either x’e G
orxe W— {w}.

Casel.l: x¥’eG. Theny< xin #,.-= #(A, x, x’, 0) by property (4.3).

Case 1.2: xe W— {Ww}. Then y < x in #, = #(A, x) by property (5.1).

Case2: xeAandye U. Thenye Gorye W.
Case2.1: yeG. Theny<xin #,=.#(A, Y, y, 0) by property (4.2).
Case2.2: ye W.Then y< xin #;=%(A, W, 0) by property (3.2).

Case 3: x, ye A. By assumption (A2) U(y)#0. Say y<u. Then x < u also.
Eitherue G, UxX)n W=U(»nWorue Wand U(p))n WZ U(X)n W.
Case3.1: ueG. Then y< xin %, = .#(A, u’, u, @) by property (4.4).
Case32: UX)nW=U(y)nW. Then y<x in #,=2(4, W, 0) by
property (3.5).
Case3.3: ueW and U())An WG Ux)NW. Let we(U(x)— U(y)nW.
Then w3 W. So y < x in 2, = #(A, w) by property (5.2).

Proof of Theorem 1.c.i. We must show that & has a super greedy realizer £ of
cardinality at most m =|D|. For each de D let B;={a<c A :d <: a}. By assump-
tion (A2) {B,:d e D} covers A. For each d € D define:

Ri=L(by,0,d).

We claim that X ={%;:de D} is a super greedy realizer of % of cardinality
m. Clearly every linear extension in I is super greedy and the cardinality is
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correct. Thus it suffices to show that for every nonforced pair (x, y) there exists a
linear extension £ which puts x over y. We break the argument into two cases:
xeDand xe A.

Casel: xe D. Theny¢ B;. Thus y< x in #, = #(B,, 0, x) by property (3.1).

Case2: xeA. Say xe B;. Then y<x in #;=2(B;,0,d) by property (3.5)
or (3.3) depending on whether or not ye B,. a

Proof of Theorem 2.b.i. We must show that & has a super greedy realizer £ of
cardinality at most 2n, where n = width(P — MIN(P)). Partition P— A4 into
chains E, ..., E,. Note that each E, is also an A-chain. Fori=1, ..., n define:

#,=F(4 E,0) and F,,,=H(4, E,).

We claim that £ = {#,:i=1,...,2n} is a super greedy realizer of & of cardinal-
ity 2n. Clearly each linear extension in X is super greedy and the cardinality
is correct. Thus it suffices to show that for every nonforced pair (x, y) there
exists a linear extension in £ which puts x over y. We break the argument into
three cases: xe U, xe Aand ye U, and x, ye A4.

Casel: xeU.Say xe E,. Theny< xin %,,;=4(4, E;) by property (5.1).

Case2: xeAand yeU.SayueE,. Then y< xin #,=.2(4, E,, 0) by property
(3.2).
Case3: x,ye A. Theny< xin %, =4 (A4, E|) by property (5.2). O

Proof of Theorem 2.c.i. We must show that & has a super greedy realizer of
cardinality at most n + 1, where n = width(P — MAX(P)). Partition P — A4 into
chains K, ..., E,. Fori=1, ..., n define:

Ro = S(4);
A;={acA:#ymax{de D:d<:a}cE;}; and
Z, =.7(A,, E,)

Note that A4; is indeed rooted in E;. By assumption (A2) {4,:i=1,...,n} is a
partition of 4. We claim that £={R;:i=0, 1, ..., n} is a super greedy realizer
of # of cardinality »n + 1. Clearly each linear extension in X is super greedy and
the cardinality is correct. Thus it suffices to show that for every nonforced pair
(x, y) there exists a linear extension in X which puts x over y. We consider four
cases: xe E, and ye 4,, xe E, and yg 4,, x, ye A;, and x€ 4, and y € 4,, where
i # j. Note that it is not possible to have xe 4 and ye D.

Case 1. xe E,and ye A;. Then y < x in %y = .%(A) by property (6.1).
Case2: xeE,andy¢ A,. Then y<xin #,=9(4,, E,) by property (7.1).
Case3: x,ye A,. Then y< xin %, = 7 (A4;, E;) by property (7.3).
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Cased: xe A, and ye A;, where i £ j. Then y < x in #; = 7 (4,, E,) by property
(7.2). a
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